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The following paper Is divided into four sections. Section I. deals with what may be 
called Rosenhain's theory ; under the guidance of Professor EL J. S. Smith's paper 
on the single theta-functions (in vol, i. of London Math. Soc. Proa), there is investi- 
gated a general theorem for the product of four double theta-functions with different 
characteristics and variables, the definition being 



* 






the product being equal to the sum of 16 similar products ; and the equation is shown 
to include 4096 particular cases. Quadratic relations are established between the 
functions; and the 15 quotients of all of them but one by that one are expressed in 
terms of two new variables x l9 x 2 , the connexion between x^, x % and the original 
variables x, y being 






■*iA + B 



/V 



** A + B£ 



\/Z J \/ Zi 



f**A' + B'« 7 , -^ , - -v 7 

y= ] "T/T" +) ~T71" 

where 

Z = ^(l — «) (l — /Cx^)(l — K^z) (1~-K^Z) 

and A, B, A', B', k^ k 2j k 3 are perfectly determinate constants. The quadruple 
periodicity of the functions is investigated at the beginning of the section, and at 
the end definite-integral expressions for the periods are obtained. 
Section II. gives the expansions of all the functions 

(i) in trigonometrical series ; 
(ii) in ascending powers of x and y. 

To obtain the latter, use is made of a theorem there proved : — 
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6^\{ x )> v ,p(y) being single theta-functions. From it are also obtained the expressions 
for the four periods, as well as a proof of the product theorem of Section I. ; and the 
function $ is shown to satisfy two differential equations of the form 

-~^—2x[ k 1 — ~ T ) — + 2/CK"— ==0 

a-dcr \ Jvy ax cite 

(k, k, E having the ordinary meaning in reference to 9^ k (x)) } and an equation of the 

form 

d® , 2KA. d°~® ^ 

dr 7T 3 dxdy 

Section III. forms the expression of the addition theorem, Although no addition 
theorem proper exists for theta-functions (that is to say, <£(#+£, y-\-?)) cannot be 
written down in terms of functions of x, y and of ^, rj), an expression is obtainable for 

®(x+£>y+v) • &(x—i;,y—ri) 

<&, <J>' being either the same or different functions. Since any one function of the sum 
may be combined with any function of the difference of the variables, 256 equations 
are necessary;" and these are written down in 16 sets of 16 each. 

In Section IV. many of the properties already proved for the double theta- 
functions are generalized for the " r " tuple functions. Among these are : — 

(i.) The periodicity as in Section I. ; 

(ii.) The product theorem, which gives the product of four functions as the sum 
of i r products of four functions ; from.it several general relations are deduced ; 
(hi.) The analogue of the theorem in Section II. , viz. :— • 



<1> 



. XPv /^ • • •) fa- j 



2*Z V l Z'\r„, rt" tZ=V 



^S=l t-\ 



dx s dxt 11 fj (<v.,\ 



(iv.) The r differential equations of the form 

"dx r ~ 2X X ' Kr) dx r + ^ K * dKr U 

and the \r(r—\) of the form 



d® , 2K*K, d*& . 

,-p — „ _i ^^ {j 



__ i St t 7r 2 dx s dx t 
all satisfied by <£. 
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INTRODUCTION. 

Literature of the Subject. 

I. The published investigations on the double theta-f unctions may be conveniently 
vided into four classes : — 

(i.) Those concerning the algebraical integrals of the equations 

dx dy dz 

xdx , ydy , zdz 

\ /■\t\ /Ty— V 



^/X T V /Y T V /Z 
where X, Y, Z are of the form 

£(W)(1-k£)(1-\£)(1-/^) 

or 

(a-e){b-£)(o-i)(d-€)(e-£)(f-i); 

(ii.) Those concerning the theta-functions, properly so-called, proceeding from the 
definitions and investigating the relations which hold between functions of 
different (and of the same) arguments ; 
(hi.) The transformation theory ; 

(iv.) The applications to geometry, principally in reference to Rummer's 16 -nodal 
quartic surface. 
2. The principal papers are : — 
For (i.) I. Abel. His chief memoir is one occurring in the ' Memoires des 

r 

Savans Etrangers,' t. vii., 1841 (but presented to the French 
Academy in 1826), under the title " Memoire sur une propriete 
generale d'une classe tr£s-etendue de fonctions transcendantes," 
pp. 176 sqq. ; the particular case of (i.) is considered p. 260. Several 
other papers, less important, on the transcendental functions occur in 
the collected edition of his works. 
II. Jacobi. (a) "Considerationes generales de transcendentibus Abelianis," 
' Crelle/ t. ix. (1832), p. 394 ; 

(/3) " De functionibus quadrupliciter periodicis quibus theoria 
transcendentium Abelianarum innititur," 'Crelle/ t. xiii. (1835), 
p. 55 ; 

(y) " Demonstratio nova theorematis Abeliani," ( Crelle,' t. xxiv. 
(1842), p. 28. 
III. Richelot. " Ueber die Integration eines merkwlirdigen systems 
Differentialgleichungen," ' Crelle/ t. xxiii. (1842), p. 354. 
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IV. Cayley. (a) " A Memoir on the Double 0-Fu notions," ' Crelle/ 
t. lxxxv. (1878), p. 214; 

(/?) "On the Double ^-Functions," 'Crelle/ t. Ixxxvii. (1879), 
p. 74 ; 

(y) " On the Addition of the Double ^-Functions," ' Crelle/ 
t. lxxxviii. (1880), p, 74. 
For (ii.) L Rosenhain. " Memoire sur les fonctions de deux variables et a 

quatre periodes/' Mem. des Sav. Etr., t. xi., p. 361. This obtained 
the prize given by the Paris Academy of Sciences in 1846. 
II. Gopel. "Theorise transcendentium Abelianarum primi ordinis adum- 
bratio levis," e Crelle/ t. xxxv. (1847), p. 277. 

III. Weierstrass. " Zur Theorie der Abelschen Functionen/ ' Crelle/ 

t. xlvii. (1854), p. 289 ; also t. lii. (1856), p. 285. 

IV. Riemann. "Theorie der Abelschen Functionen," ' Crelle/ t. liv.; Ges. 

"Werke, p. 81. 
V. Cayley. " A Memoir on the Single and Double Theta-Functions," 
Phil. Trans., 1881. 
VI. Brioschi. " La relazione di Gopel per funzioni iperellittiche d'ordine 
qualunque," Ann. di Mat., t. x. (1881). 
For (hi.) I. Hermite. " Sur la theorie de la transformation des fonctions 

Abeliennes," Comptes Rendus, t. xl. (1855). 
II. Konigsberger. (a) " Ueber die Transformation der Abelschen Func- 
tionen erster Ordnung," 'Crelle/ t. Ixiv., p. 17 (1865). In this 
occurs part of the addition theorem ; 

(/3) " Ueber die Transformation des zweiten Grades fur die 

Abelschen Functionen erster Ordnung/' 'Crelle/ t. lxvii. (1866), 

p. 58; a continuation of which, dealing with the modular equations, 

occurs in the Math. Ann., t. i. (1869), p. 163. 

For (iv.) I. Kummer. " Ueber die algebraische Strahlen-systeme/* Berl Abh. 

(1866). 
II. Cayley. (a) "On the Double ^-Functions in connexion with a 16- 
nodal Quartic Surface," ( Crelle/ t. lxxxiii. (1877), p. 210 ; 

(/3) "On the 16-nodal Quartic Surface," 'Crelle/ t. lxxxiv, 
(1878), p. 238. 

III. Borchardt* " Ueber die Darstellung der Kummerschen Flache 

vierter Ordnung mit seehzehn Knotenpunkten durch die Gopelsche 
biquadratische Relation zwische vier Theta-functionen mit zwei 
Variabeln," c Crelle/ t. lxxxiii. (1877), p. 234. 

IV. Weber. " Ueber die Kummersche Flache vierter Ordnung," ( Crelle/ 

t. lxxxiv. (1878), p. 332. 
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Section I. 



3. The general double theta-function is defined by the equation 



$ 



m=oo n=oo 



M v 



|a>, y 



t t (-1) 



m^+np 



'P 



(2w+/m)» (2n+v)* (2m+(i)(2n+v) 



q—r-r 2 ^sw+^^+tf t (i) 



m~ — co %= — co 



in which X, /x, />, v are given integers (afterwards taken to be each either zero or unity) 



and 



\ p\ • 



^ * 



is called the characteristic ; x, y are the variables ; p, q, r, v } w are known 



constants, called the parameters ; and the double summation extends to all positive 
and negative integral values (including zero) of m and n. To ensure the convergence 
of the doubly infinite series it is necessary that the real part of 

(2m+/^) s log^ + C 2 ^+^) s log^+2(2m+/^)(2^+^) log r 

should be negative for all real values of m and n ; beyond this restriction, there is no 
limitation to the form or the values of p, q and r. 
4. It follows at once from the definition that 



<£>< 



'X + 2, p 



IV 



v 



-<uU x > p 



* 



Lv**" 



* 



X, p -\- 2i 



i • 



(2) 



( — l)** 



'X , p 
y* + 2, v, 






4> 



\ P 



(3) 



the variables being the same throughout. Hence there are, in all, sixteen distinct 
functions, obtained by assigning to the four numbers of the characteristic the values 
zero and unity and taking all possible combinations. 
Also from the definition 



* u » p v>- x >-y 



m=<x> n=<x> 



(2m+fi)2 (2n+v) 2 (2m+jx)(2w+y) 

2 



S 2 (— ■ l) mk+np p~-~i — q~4T~r — ~~~2 v -x(2m+ri w -v&i+v) 



q 4 r 



m= — oo n= — oo 



m=oo «, = co 



=(— iy» +v " t t (— i) 



(m+fi)\+(n+v)p 



■p 



(-2m+;x+/x) 2 (-2~n+v + v)? 

4 q 4 



7/1= — 00 ?l= — 00 



(— 2m+yx+/x)(— 2w+v+^) , ,_ — — . , 



V 



'ID 1 



m'=<x> n'—co 






«l' = — 00 tl = ~ 00 



= (-l)^ + ^j^^,y}. (4) 



Hence there are ten even and six uneven functions, the latter being denoted by an 
asterisk in the following table, showing the correspondence between the notations 
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that are used. The current-number notation adopted in this paper was chosen to 
coincide as closely as possible with that of Professor Cayley (with which it is almost 
identical as will be seen from the table) and with Rosenhain's notation ; that of 
Weierstrass is given as quoted by Konigsberger. In the table i denotes \/~^T. 



Asterisk 

denotes odd 

function. 



# 



* 



* 



* 



* 



* 



Her mite's 
characteristic. 



4> 



0,0 
0,0 

0,0 
0,1 



0,1 
0,1 

0,1 

0.0 

* 

0,0 
1,0 

0,0 

1,1 

0,1 

1,1 

0,1 
1,0 

1,0 
1,0 

1,0 

1,1 
1,1 

1,1 

JL « -A. 

1,0 

1 

0,0 

1,0 
0,1 

1,1 

0,1 

1,1 

0,0 



Current-number 
adopted in 
this paper. 



ft 



o 



\7V 



» 



10 



*« 



», 



*8 



ft 



11 



ft 



ft. 



<J"r; 



ft 



15 



ft 



13 



*i 



ft 



ft 






ft 



12 



ROSENHAIN. 



0; 



33 



032 



0; 



'31 



03 



& 



23 



' Ala 



22 







21 



0. 



20 



01? 



13 



$ 



13 



4> 



11 



9>io 



003 



002 







'01 



0, 



00 



GoPEL. 



■pm 



Q'" 



*Q" 



P" 



R/" 



S'" 



*S" 



R" 



y'R' 



*S' 



S 



/R 



P' 



Q' 



**Q 



Cayley's 
characteristic. 



oi'0,0* 
^ 0, 0, 

0,1 

0,0 



Ao, i 



0,0 
0,1 

1,0 

0,0 

JL * JL 

0,0 

zz a/ 1, -*- 

*^0, 1 

1,0 
0,1 



ia/l,0 N 

i u,o 



Hi; J 



Cayley's 
current-number. 



■d 



JL * JL 



-y ?• ? 

i \i, i 

. 0,0 
1,0 

0,1 

i ? o 

* \1, 1, 

0,0 

1,1 



ft 



o 



«Jg 



T# 



10 



& 



*, 



«jv> 



vft 



11 



ft 






% 7 



-ft 



1 

zz a 

1 



13 



& 



4 



^6 



^ft 



14 



ft 



12 



Weiebstbass. 



A 



A 



01 



'^02 



ft 



12 



A. 



*^23 



lft 1£ 



^03 



1/Kfq 



a 



24 



■ft 



14 



i'ft 



04 



ft 



34 



nJr 



i& 



A- 
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5. In the general definition of <1> substitute 



%Tt 



v=e*K ....... 



* • 



. . . (5) 






» » * • 



... 



so that 



• • (6) 



$ 






m=co n=oo 



■ //(, — ^> it, — jj . ~) iir c so i/~\ 



m= — oo ?i= ~oo 



Obviously 



*<l^^y 



=$ 



= * 



% p" 



\x-\-AK, y 



\x 9 2/ + 4A - 



• ••♦•• 



(7) 



so that 4K and zero, zero and 4 A, form two pairs of actual periods, conjugate in 
x and y, for <I>. 
Since 



e~4K3 logp<j> 






m= — oo ?i== — oo 



and the right-hand side is unaltered by writing 



and 



4K., n 

x-{- , logf) for x 

1T% 



4A 
y-{- — log r lor ?/ 



-^ 



~7log jp, ~~vlog r form a pair of quasi-periods for 5>, conjugate in x and ?/. Again 



rrhj* 



\ P 



fil= CO w = oo 



1 (• .7T7/ 2^ + J/ 



.rrx 2n + v ■) (2m + ja) 3 






m= — oo «,= — go 



and the right-hand side is unaltered by writing 



and 



4K, „ 

x-f-~~ t* logr lor x 

7TI ° 



4A 
2/+Z7 log ^ tor ?/ 



4K 4A • o • 

so that — ; ; log r, — ; log q form another pair of quasi-periods for <!>, conjugate 

in x and y. 
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Actual. 


Quasi. 


4V» 


Heemite's 
Notation. 


| Hermite's 
J* \ Notation. 




Heemite's 
Notation. 


y- 


Hermite's 
Notation. 


4K 


a 


T 


4K, 

— : log p 


o 3 


4A . 
— r lop; r 

7T£ ° 


X 3 





UAl 


4A | Tj 


4K, 
. lop; r 

7T^ ° 


n 4 


4A , 
— ~ lop; a 


•*-4 



This table exhibits the four pairs of conjugate periods in x and y ; one relation 
between them is immediately deduced, viz. : 

an equation which Hermite makes fundamental in his transformation theory (Comptes 
Rendus, t. xl.) The following equations, giving the relations for quarter and half 
period increase of the variables, are easily obtained ; — • 









> 



me&r 



> « 9 • t 



(8) 



<J> 



<3> 



\ P 



x, y+ A ► =( — 1)* $ 
x, i/+2a}=(— 1)"* 



\ ; p -f- 1 



\x,y 



■> 



j*>> v . 



\X , c/ 



r" 



t • • » \ f 



~J 



c£> 



<$> 



C;0 a+ ^ logi,,y+ ^ logr 



^T^a; 



= P~V~2K <$> 



Jl+1, V 



F>y 



^ |/ . 



2K 2A 

#+ —i log p 9 3/+ — : log r 



1T% 



TT% 






•N 



toy 



^ 



• • 



(10) 



3> 



<E> 



r/x 



LV*. 



,vj m & J ir% ° ^J 



— 1 



^ 4 e 2a cp< 






7T& 



77^ 



= 9 -V"a-(—.i)' , <S>< 



\yL6 > V + 1 



#, 2/ 



>* 



t * 



>/*> ". 



I«,y 



(11) 
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3> 



3> 



* 






[ P v y+~ i logp,y+ 



A^ 



$ 



* 



'X', p' 

J* 



,' P , )x+—. log p, y-\- — : 

% p \ , 2K . , 2A 

te+ — rlogp, V+ — : 



<D 



$fy + iz lo ep>y+ 



2A 



iri 



o 



:;:>+§. o g n, + A 



* 



$ 



'X, /) 



A.+ I log r , ,+ A 

, p\ . 2K, 2A 



<£ 



X P ; \ ,2K, , 2 A 

, / M ; log r, 2/+~-r 



ogr 



<£ 



yL6, 4- 1, V 



\x,y 



~>i 



ogr 



ogr 



<$> 



ji' + l,i/) X ' y _ 

X P 



> . 



g r 



=<-') 



»,!1U ; * : " 



0> 






°gq. 



* 



'X, p 

V /A, V +1 



■"v 



)x,y 




<f>< 



/ / 



V>' + 1 



\x,y 



ogq 



(_l)p+p' 






I £ j^+.s K+^r logp+^r log r, y+s x A+~. log r+^ log g 



y, v') x+s ' K+ bi h %P +Z ri lo % r > 2/+ s 'i A +b log r+ *Vi log 2 



=(-l) 



;{(s+s')iu. + (s 1 +s'j)i'} 



3> 



'X +s, p +s 1 

,/J> +t, V + z 



\x,y 



<3> 



'X' + s', p'+s'i 
\p/ + t, v'+z 



\x,y 



(12) 



• (13) 



(14) 



where, in the last formula, s, s l9 s' } s\, t, z are integers, and the functions on the right 
hand side may be reduced by formulae (2), (3) to functions in which the numbers. of tbe 
characteristics differ from X, pi, p, v> X\ pu', p, v\ respectively by less than 2. This 
combination of periods in quotients is similar to the combination of real and imaginary 
periods in elliptic functions. 

The product theorem. 



6. We multiply four theta-functions 



<1> 



;£)*i> yi}> *< 



\> Pi 



\> Pz 



x< & y% 



*>*"%$*»* 



, * 



X> P4 



*£& y^ 



such that each sum of the four corresponding numbers in the characteristics is even. 
Let such a product be denoted by 



n<i> 
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0*«*S«*«SA 



(15) 
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indicating that there are four functions having numbers X, \l, p, v with subscript 
indices 1, 2, 3, 4. Taking the general definition given in (1) for <E>, let 



M 1 + 2m 1 =M a +2m a ==M 3 +2m 3 ==M 4 +2m 4 =m 1 +m a +m 3 +m 4 

N x + 2% =N 3 + 2% = N 3 +2% =N 4 +2% =% +^ 3 +w 3 + 1 H 



2(A 1 +X 1 ) 

2(o"i+/*i) 
2(Pi+ft) 



2(cr 3 +/x, 3 ) 
2(P 2 +p a ) 



2(A S +X S ) 
2K+/X3) 



= 2(P s + / > 3 ) 
2(o-'i+^i) =2(o-' 2 +j/<j) = 2(or' 8 +»> 8 ) 



2(A 4 +X,) 
2(o- 4 +/a 4 ) 

2(x 4+P4,) 
:2 (o-' 4 +^) 



: Pi 4-^3+^3+ Pi 



(16) 



which contain the assumption that 2X, S/x, 2^, Sp are all even ; and 

2(X X +<):=2(X 3 +^)=2(X 3 +^^ 
2(Y 1 +yO=2(Y s +y a ) = 2(Y 8 +^^ 

In the course of the proof the equivalent of the algebraical identities 



. (17) 



AiHV.+V+V=V+V+V+^ ( 18 ) 

A 1 P 1 +A 3 P 3 +A 3 P 3 +A 4 P 4 =X 1 p 1 +V2+V3+ X iP4 . • . • (19) 



will be used. We have 



4n<£ 






oj, y 



(2m 1 +jLt 1 )8+ . . . +(2w? 4 +ja 4 )2 
4-5^—1 VW1A1+ • • • +^h^4 + n lPl+ • ' • +%P4 \/ rft~~~~~~~~ — 4 ~ 

(2w! + yi) g + _. • • +(2% + ^ ) 2 
w ^ (2m 1 +/jt 1 )3! 1 + . . . +(2«j 4 +/a 4 )^ ^ g 4 



(2m 1 +|u, 1 )(2n 1 + i' 1 )+ . . . +(2m 4 +/A 4 )(2%+v 4 ) 

X tf/ 2Wl+Vl ^ 1+ * * e + ( 2w 4 +v ^ X T 2 ~~~ \2^) 

where the summation is over all integral values of the m's and n's from — 00 to +00. 
Using (18), (19), the indices on the right-hand side of (20) can be at once trans- 
formed ; and the following equations give these transformed values :— 



m Ai+ • • • + m 4^4 : 

^\Pi+ • • • + %/V 

(2m 1 -f/^i) 2 + • • • + ( 2m 4+/%) 2; 

(2n l +v l )*+ , . . + (2^ 4 +^) s : 

(2m ] +j^i)^i+ • •"• +(2^ 4 +/^)2V 

(2^ + ^)2/1+ • . . + (2%+^)^ : 

(2m 1 +fi 1 )(2n 1 +^ 1 )+ . . . + (2m 4 +/x 4 )(2n 4 +*> 4 ): 



KMA+ . . . +M 4 A 4 ) 
MNA+ . . . +N 4 P 4 } 

Mi+o-0 2 + • . • +(M 4 +cr 4 ) 3 



N 1 +cr / 1 ) 3 + 

M^cr^ + 

N 1 +cr / 1 )Y 1 + 



9 » * 



+ (N 4 +cr' 4 ) 3 

+ (M 4 +<r 4 )X 4 

+ (N 4 + cr' 4 )Y 4 



M 1 +<r 1 )(N 1 +o-' 1 ) + . . , 

+ (M 4 +a- 4 )(N 4 +o-' 4 ) 
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The substitution of these in (20) gives 



41T3> 



( P )X, y i =4S( — l)*i (MlAl+ * * * +M*A4) + 0*iPi+ . . • +N 4 P 4 )}j 9 i{(M 1 + ffi)»+ . . . +(M 4 + cr 4 )3} 

ql{(X 1 + *W+ . . . + (N 4 +a' 4 p}^(M 1 +<r 1 )X 1 + . . . +(M 4 +<r 4 )X 4 ^ ; (N 1 + ' 1 )Y l + . . . +(N 4 +a' 4 )Y 4 

? .|{(M 1 + cr 1 )(N 1 + o-' 1 )+ . . . +(M 4 +<r 4 )(N 4 +<r' 4 )} /£ ] \ 

the summation being taken for al] values of the M's and N's defined by the equations, 
i.e., tor all integral values which give integral values to the rris and n's. Now the 
difference between any two of the M's is even, so that they are either all even, or all 
uneven. Taking the first of these cases, let 

M 1 =2M , 1 , M 3 =2M' 3 , M 3 =2M , 3, M 4 ==2M' 4 
then since 

4m x =— Mj+Mg+Mg+M^ 
and similar expressions hold for im 2 , 4m 3 , 4m 4 it is sufficient that 

M'i+M'a+M'g+Mp even. 
Taking the second case, let 

M 1 =2M / 1 +1, M 2 =2M' S +1, M 3 =2M , 3 +1, M 4 =2MVfl 

it is sufficient that 

M / 1 +M , s +M , 3 +M , 4 = uneven. 

With corresponding quantities substituted for the N's in the two cases exactly 
similar relations hold. Separate the terms in (21) and denote by 

£]. those in which M.\+ . . . +M / 4 = even, and N\+ . . . + N' 4 = even; 
% „ „ „ = even, „ ,» = odd; 

S 3 . „ „ „ = odd, ., „ = even; 

^ 4 * j? >j ?> === octet, 5 , ,, = odd. 



L ? ?? J3 



Also write 



*i + Vf*3+V= A 1 +A 2 +A 3 +A^2A / 
Pi+ft+ft+P4=Pi+P a +P8+P 4 =2F; 



and, for shortness, let Q l5 Q 2 , Q 3 , Q 4 denote the general terms in S x , S 3 , 2 3 , 2 4 respec- 
tively, so that 

5 I 2 
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/ 1^^+ . . . +M' 4 A 4 +K 1 P 1 + . . , +N' 4 P 4 Q 

:=: pl{(2M 1 +a- 1 )2+ . . . }gl{(21S' l + o'jP+ . . . } r |{(2M 1 + t r* 1 )(2N ? 1 +c/ 1 )+ . . . }^(2M' 1+< r 1 )X 1 + . . . ^ ; (2N' 1 +«r , 1 )Y 1 + . . 

/ _ 2\MiA x + . . . +M' 4 A 4 +N' 1 P 1 + . . . +N' 4 P 4 Q 



: w|{(2M' 1 +<r 1 )3+ . . . }gi{(2N' 1 +l + cr' 1 )»+ . . . } r l{(2M / 1 + cr 1 )(2N / 1 + l + a-i)+ . . . } ^M^ + vJX^ 



'r . . . „,.(2N' 1 + HVi)Y 1 + . . . 



tc; 



(^ ]\ M i A i + • • • +M' 4 A 4 +N 1 P 1 + . . . + N 4 P 4 Q 

= |{(2M 1 + l + o- 1 )2+ . . . }^|{(2N / 1 + a- 1 )2+ . . . } r l{(2M' 1 + l+<r 1 )(2N' 1 + (r 1 )+ . . . }, y (2M' 1 + l + cr 1 )X 1 + . . . ^N^o^Y^ . . * 

/ J\M 1 A 1 + . . . +M' 4 A 4 +N / 1 P 1 + . . . +^' 4 P4Q 

__.pl {(2M / 1 + l + o- 1 )3+ . . . } ( y|{(2N / l + l + cr / 1 )3+ . . . } r l{(2M 1 + l + o- 1 )(2N 1 + l+(r / 1 )+ . . . } /y (2M' 1 + l + en)X 1 + . . . / ^(2N 1 + l + a' 1 )Y 1 + . . . 

and (21) becomes 

4IM> \h p )x, yl = 42 P Q 1 +(-l)*4:g a .Q a +^^ . (22) 

Consider these four sums separately ; then 

4_; 1 .Q 1 z=2:gQ+;£2(~i^ 

where the summations on the right hand side are now taken without restriction for all 
integral values of the M's and N's between — oo and + oo ; and with similar removal 
of the restrictions on the values of M and N to which the summation extends 

42 3 .Q 2 =22Q 3 ~22^^ 

—tt( — l) Nl+ ' • * +N '* +M ' 1+ * • • +M ' 4 Q 3 
42 3 .Q 3 :=22Q 3 +;^(-i^ 

^V/ 1 \N'i+ . . . +N 4 +M.' 1 + . . . +M / 4 f\ 

— — _y_yl "— ' " JL I ^3 

42 4 .Q 4 =22Q 4 -;£2(-l) w ^^ 

+22(— 1) N ' 1+ • • • +N/ 4 +M 'i + • • • +M '*Q 4 

Thus 

4II<f>< ( ' p )x.y l=sum of sixteen double summations. 

But each of these double summations is the product of four double theta-f unctions : 
thus, in particular, 
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Q ± = general term In 



*{(£2) x " y, j 



cb 



■^2' 2 \ V V 



°2> °"s 



H( A : P :M»}* 



Al> ^4 



^4> ^4 



, ]-A. 4 , X4 > 



i.e. in IK><{( ' ,)X, yI; 



(_1)Ni+n, + n' 8+K ' 4 q i= genera i term in n$ j^^^X, y|; 



and so on for the others ; and it follows that the expression of the product theorem is 
given by 



4n$ 



{foM 



n<s> 



-f-ii<p 



+n$ 



+n* 



'A,P > 



'A, P+l 
cr, cr' 






|X,Y 



/ li "T" J- j J- \"VT TT 






<7 



IX, Y 



+ (— 1) A ' into 



°*<-' A ,->* 



+ n<s> 



^\o- + l, cr' / 



n *{( A ^\ p ) x ' Y 
n *{( A «; p+1 ) x - T 



+ (— 1) P ' into 



n* 






■WUKHI 



—n<i> 



'A,P 

cr (r'4- 1 



IX, Y ► 



n *{U<r'+l) X ' Y } 



'A + 1,P 

or } cr -\- 1 

'A + l.P+l' 
_\cr , o-' + l 



X,Y 



X.Y 



+ (-1) 



A' + P 



into 



n* 



— n* 



A P \ 

_ \cr + 1, cr + ly 
<r +l,<r' + l] ' 



+n^> 



'A+i,p+r 

cr +1, (T f -f-1 



(a., Y 



. I Zo). 



7. This product theorem does not comprise 16 4 equations, as might be expected ; in 
defining A, P, a, cr' it was assumed that the sums of the four X's, of the four /x/s, of the 
four p$, and of the four vs, were each even. Thus when X 1? X 3 , X 3 , are known, X 4 , being 
limited to the values zero and unity, is also known ; and similarly for the other 
numbers. Hence the number of equations comprised is 16 3 , i.e., is 4096. 

8. If any uniform increase or decrease be made in a set of corresponding numbers 
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in the left-hand side ; the same increase or decrease occurs in the right-hand side ; 
thus if each of the Vs be increased by unity,. by unity also will each of the A's be 
increased. Hence, as immediate deductions from (23), are obtained the following 
formulae, including as particular cases, many of Rosenhain's formulae contained in the 
table at the end of his memoir. 



W x ' p )+uJ x+1 ' p )+nJ x > /,+1 Un$( x+1 ' ' +r 

„ /A,P\ t ^/A + l, P\ , ^/AP+n , ,/A + l, p + r 



a 



cr, a 



cr 



, cr 



(24) 



where on the right-hand side the variables are X l3 X 2 , X 3 , X 4 , Y } , Y 3 , Y 3 , Y 4 , 
and ,, Jeft „ ,, „ x^ x%, x% 9 x^, y l9 y^ y%, y^ 



W x > p )+n*( x+1 ' p )-u4 x ' p+1 )-nJ x+1 > p+1 ) 

\fl, vj \p , v) \/l, V j \fl , V j 



(-»K; !. +1 )+ n < +1 ;' +1 ; 



n$i 



a, p+r 

cr , a' + 1 



\o" , cr +1 



(25) 






n<i> H +n<i> ^ — n# 



\+i ? />+r 



(-i) a ' 



n<i> ' , 

\cr -f 1, cr , 



o- + 1, cr / 



z; 



A 



P+1' 



cr +1, 



cr 



a+i, p+r 

cr +1, ^ 



(26) 









fM, V J 



J*> V 



(_!)A'+F 



n >+iy+i 



/A + l, P 

\ cr+1, cr +1^ 



\<r + l, <r' + l/^ \ 



/A+l, P + 1 
cr + l, cr + 1 



(27). 



To these must be added a set of four obtained by increasing each of the x's by 

K A 

*—log;p and each of the y's by -rlogr, conjugate quarter periods: by these sub- 

stitutions (24) gives 



V+l, vj \/«. + l, vj 



+n«(...-,-:--)+n^;: +1 ) 



x, p+r 

ja + 1, z^ 



W A > P \+W A+1 ' P 

\0"+ 1, O"'/ \ <T + 



1,P\ , „,/ A,P+1\ , „ /A + l, P+l\ ,, oV 
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K 



Another set of four is obtained by changing x into x-\- — . log r 



7TI 

A 



and y „ y-\--~~.log q: 



thus (24) gives 



ir% 



'X+l, p 



9 p WW** ^ +1 WW X+1, p+1 

, V + 1/ \)J,, V+1J \ fi, v + l d 



/A, P \ , _JA+1, P \ , „_/A, P + l\ . „/A + l, P + l\ /oft v 

and a fourth set of four from the same equations by increasing each of the xs and y's 



by — ; logpr, — log rq respectively : thus (24) gives 



n O: + i)+ n <ii: + i) +n \. + 

jU"T-L, V-f J-/ \fl-f- I, V-vLj Xf^* 



1, v + lj ' V/^+l, K + l/ 



=iW A ' p 14- 



KtU^ + i) + H + t^+i) +n Kt+i;^i) < 3o >- 



But as might be expected from formulae (8) and (9) with (17), these equations (28) 

(29) and (30) could be obtained by uniform increase of the numbers fi and v in the 

characteristics of (24). 

9. Let the value of a function when both the variables are zero be denoted by c, 

with the same subscript number as marks the function in the current-number notation ; 

for shortness, let 

& r (x, y) be written 9 r 

and £,.(#+£ y+rj) „ 9 r (x+g). 

Then the following equations are obtained from (23) by assigning suitable values to 
the numbers of the characteristics and to the variables. 



r 2 0- 2 



c 2 V + ^ + tfV + e 4 » V + c/V - «W - "9 8 V - <a s 8 V - % 8 V 

W - ^8 V + 0,8^ - C 3 8^ 3 8 + c 6 8^8 + C/ V - ^8 + c^ V - ^ V 

W-W + CiW^ W + W ~ tf V + ^V-^* V + % 8 V 

C 8 V + ^8 - c/^8 _ ^ gS + c ^3 _ 0(W + c W + ^8 V ~ W 

O 8 V + Ca 8^8 _ e ^ _ Cs ^ 8 3 _ ^ + c W + c W _ ^ <y + ClB ^ 15 8 

C 8V-C 1 2^-C^ 2 8+^3 8 + ^4 8 -«6 8 V + ^8 8 -«9 8 V + « 1B 8 V 



3c # 
3 Cl 8 V 

3c 2 # 2 
3c 3 # 3 
3o 4 3 V 
3c 6 # 6 

3c g $ 8 

3c 12 # 12 



(i) 

CO 
(iii) 

(iv) 

(v) 
(vi) 

(vii) 

(viii) 

(ix) 

(x) 



These are not independent : thus, adding equations (ii)-(x), equation (i) is obtained ; 

* 
and simpler relations equivalent to these will be deduced later on. 
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3c/ V = / V + «6 9 V-<a 8 V + <% 8 V- W -*uW + W + Cq 8 V-«s 8 V • («0 

3% 3 V= ^V-^V-^^-^V+^V+^V-^V +"9 3 V + «s 3 V • C^riii) 

W= «/ ^W V-W+W+ W-«j j V + vv + vv-v V • <**0 

W= W+^^-cAH^+^V-W-VV +« 3 3 V-« 3 3 V ■ (^) 

a%»v= %^i 3 -%^ 3 -^ 4 3 +W+tfV-^ 9 VWV-tf V+<>sW • 00 

3V V = + c 16 ^ + tfv + tf v + tf v + «/ V + «! 3 V + «o 3 V + <% 2 V + «.* V • (") 

Q- 2 Q. 2— « 2 0. 2 i - 20- 2_~ 2 0, 2.1 « 20, 2 1 « 3 0. 2_~ 20, 2_^ 2 0-2 1 ,, 2 0-2 „ 2 0- 2 /^n 

q2a 2 — - 20. 2 i_~ 20. 21, 2a 2__ P> 20- 2 1 r 20- 2_~ 20. 2 ,. 2 0. 2_- 2 0. 2 j. - 2 Q. 2 fwX\ 

3C 15 3 V= -V V + «0 3 V + tfV~ W-tfV + tfV + tf <^ -^ £„* +0u «V • M 

3c 13 3 V=-«l 3 V + «0 3 ^l 3 + ^ 2 3 -^ 3 3 + ^ 6 3 - C6 3 V-O9 3 ^8 3 +C 8 3 ^ -% 3 V ■ (xxiv) 

3% 3 V= 0/V-«6 3 ^ 3 -«0 3 ^ 3 -«l 3 ^ 3 +^ 8 3 + «3% 3 -% 3 V +«8 3 V + " 9 3 V • (XXV) 

3c 9 3 V= «/ ^o 3 -c 6 2 * 8 8 -«W + W + W-«W +% Z V WV-tf V • (xxvi) 

c c 3 S- 8 $io=CiC s 3- 9 3- ll -\-c li c e # 12 # 14 (xxvii) 

^0^5 ^0 #5 =^7^2 % + *Vl3^8 %~ ^10^15^10^15 ....... (xxviil) 

"Vll#14#15 =^8^9 ^12^13 + &^3 #6 °7 ""A ^1 °4> °B ....... (xxix) 

10. By" equations (i)-(x) we have 

/»2n 2 r > 2o 2 — /.2o 2 J./.2Q 2 — ^ 2o 2 1 ^ 2o 2 /q-i\ 

°0 ^0 °12 ^12 — °1 ^1 n^°6 ^6 — G 2 ^2 T^°9 ^9 ...... (ol^ 

c o ^"o ^3 ^3 . ^^e ^"6 i G s ^s"^^ 3-4, +c 9 3-g (32) 

C 5- —C 15 $ 15 ■ = C 3 ^2 ~T C 8 ^"8 ==c l ^l "T" c 4 ^4 (33) 

giving six distinct expressions for c 2 $ 3 ; and six can be obtained for each of the even 
functions in this form. 

By (xi)-(xiv), 

~~ C 8 ^13 "H C 15 ^10 ^^ C 9 ^12 " C 12 ^/—"""^O ^"5 + C 2 ^7 • V^^) 

By (xv)-(xviii), 

By (xv)^ (xvii)^ (xix), (xx) 3 

r SQ 2 1 ^ 20 2-- .20 2 j, 2a2_ 2o 2_ r 2a & /Qfi\ 

By (xxi)^ (xxii), and two others, 

,. 2o 2 1,* 2n 2^ ,. 20 2 J_^ 2o 2_« c So 2_ r 20 2 (%*?) 
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By (xxiii), (xxvi), and two others, 



p 2Q 2 r 2o 2 — n So 2 I n 20 2 

c 15 ^14 °12 ^13 — °8 ^9 \°9 ,y 8 



^4 ^"5 i ^6 ^7 • ' * • \ / 



By (xxv), (xxvi), and two others, 

°16 "*11 °9 ^13 — " °12 ^8 T°8 ^12 — °1 ^"5 T^°3 ^7 • . • ♦ V^^; 

The first members of (34), (36), (37) are given by Bosenhain, in the paper already 
cited, in his formula (94), and of (38), (39) in his formula (99) ; but the second 
members are not noticed. The equivalents of (xxvii), (xxviii), (xxix) are given in 
his formulae (98) and (102) ; and of the following equations (40), and (a)-(cc), in (89) 
and (90). 

11. By making both the variables zero in (31), (32), (33) there at once follow the 
equations 



n 4 P 4 — P 4 i r 4 — p 4 i p 4""i 

°0 C 12 — 6 1 T~ C 6 — 6 2 + C 9 

c *-c I5 4 =c s 4 +c 8 *=c 1 Hc 4 4 



(40) 



and the following are obtained from (23), 



rt Zs% Z —— /% Zr\ Z 



2s> 2 



C C 12 — C 4 C 8 + < V C 15 

C*/> 2 1 /i 2/» 2 
6 °9 l °0 c 15 



/> 2/? Z. 
°3 °12 ■ 

/> Zs> Z 
°0 °3 



2„ 2 



— C l C 2 + C 13* C 15 



• • 08) 

• • (7) 



°0 °4 



< 



p Zfk Z I /i Zs% z 
(/ 2 °6 n^°8 °12 

■ /^ 2 •-» 2 I, p Zs* 2 
"°3 °Q I °9 °12 

<< 
9 



/^ 2/"» 2 _ /"} 2/1 2 I ^ 2/? 2 

°0 °1 — °2 °3 T°8 ° 



(8) 

(«) 

(^) 



C2/? 2 — /j 2/? 2 _l_ /t Zrt Z 
°8 — °1 °9 !^°4 °]2 



< 



p Zp 2 — p Zp 2 l_ /-» Zp 2 
°2 G 8 — °3 °9 n^°6 °12 



2„ 2 



Zn 2 



C2/* 2 —— ^ 2/i 2 _L_ o &o 
°2 — c l °3 i °4 °6 



(0 
(v) 
(0) 



< 



^ Zrt 2 — — /> 2^ 2 l_^ ^» 2,^ 2 
°2 °4 — °0 °6 ^°9 °15 

C2/i 2 — — /* Z/i Z I /i 2/i 2 
3 4 — O l O q -fOg 15 

/i Zri Z. . s* Zr» Z I s% Zr» z 



. . (ta) 
• • (^) 



C f Zs* 2 — — ^ Zrt Z l_ /i 2^ 

1 °8 — G °9 \ v b °15 



2^ 2 



< 



CZ/t Z — — /» 2/» Z l_ /i 2/> 2 
q Oq O^ Og *T"^ 15 

C2/» 2 _JL_ s% Zs% Z 
4 G 9 l^°2 c : 



3 ^8 * 
°1 °12 ' 



y 2 ^16 



MBGCOLXXXII. 



5 K 



• ( c r) 

. (cS) 

- (-) 
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which agree with Rosenhain's set except (iy), in which his left-hand side is equivalent 
to c 2 2 e 8 2 , probably a misprint. It is worthy of remark that the sum or difference of 
the subscript numbers is the same for the same equation, which is also the case with 
many of the equations (31)— (39). 

12. Eliminating & 5 2 between (38), (39) we have 



o %{ n 2p 2 r V 2\— . p % P 2o 2i/. 2 r 3i. % r 2\ o 2_ r . 2 r » 2o 2 



2 



or by (ia) and (£) 



,, 2o 2 — . 2o 2 \ P 20 2 I . 20 2^ 

Similarly from the same equations 

C 15 ^"5 = "~~ C 2 ^8 + C 3 ^"9 + C 6 ^12 



By (35), (36) 



r , 20 2 — n 2q 2 ^, 2o 2 ^ 2o 2 

3 14 — 12 1 4 9 ° 



2 ^15 
20 2 



and therefore by (34) 



p 20 2 — P 20 2 I 20 2 _. 20 

6 ^13 — C 15 ^2 n"°4 ^9 °1 ^12 

/* 20 2_., 2o 2_ r 20 
°12 **1 °15 ^"2 °4 ^9 



n 20 2 
°6 ^"11 



2 



^ 20 2— . 2o 2 P 20 2 ^ 2o 2 

°0 ^10 — °8 ^"2 °3 ^"9 ^6 ^12 



* * 



• • 



. (41) 



which give the squares of the uneven functions in terms of squares of the even 
functions. 

13. Following Bosehhain (91) 5 put 



Then 



Ki 



•2 



K 



2_ 


ft An A 
. l $ 




ft Aft A 


2— 


ft Art 2 


■ 


n An A 

H L 8 


2_ 


.*1% 2 



3 



ft Aft fj 



K 



2 



cH 3 



*?=S; hence by (0) *»+*?= 1 • • • (42) 



K 



c o H 



9 

6 2 6 8 



55 



(??) */+*?= 1 . . . (43) 



K 



n 'Aft A 

3 ' ,2,2' 
°0 °8 



55 



(0 k s 3 +k?=1 . . . (44). 



n A ft Aft A ___ ft fit n Z ft in A ft A 



K 2 — ,2 



C. 



2 



/> <«/» 2 
°0 c 8 



/» 2/» 2/> 

°0 H L 8 



k= K s 3 say; 



• • 



. . (45) 



2 



K-r — k q ~ = 



/j 2/> 2/> 2 
2 6 1 ° 4> °Vo 



n Aft Aft A 

c c^ o 8 



— — _t\-o » 



2 



(4fi^ 

» » • • • a * \^X\Jt 



A n An A 



K 2 K 3 . 2. 2, 2 XV 1 * 



o Q o 2 o s 



• • » 



• • m 
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and from these the following expressions for the ratios of the c's are easily obtained ; 



'0 



4 



4 



y 



9 O 

If <* If *t 

_L_IL 



^ 2„' 2TT 2 

is &w *>tC 2 
^2 K 2 -^2 



/, 4 k %„' 2TT 2 



4 



"0 






4 



'0 



■ _L__L. 

' 2 

•^2 



4 



"0 



.4 *•' 2„ 2TT 2 

6 6 K I K S -^3 

^2 -^2 
^ V 2TT 2 

. _i___I._ri 

/c 3 /c 2 xv 3 



'8 



c, 



4 







4 



'0 



.4 -/ 2^. 3TT 2 
9 1 3 1 

" ^Tiir 2 

,* Vl !/•' AIT 2 

*1 * 3 -*M 



4 



12 



y 



% j^3 -^-1 



y 



o / o 

K z K a 



. . (48). 



V 



If now these be substituted in the equations of which (41) are a type, a set of 
algebraical identities is obtained; in fact, putting K^=a, /c/=5, /c 3 s =c, a, b, c being 
perfectly independent 

6(a— c)=a(l— c)(b— c)-\-ac(a— c)+c(l— a) (a— 6) 
(6-c)(a-6)=ac(l-6) + (l-a)(l-c)6-6(l-6) 

and from these 

a(l— c)(6— c)(l — 6)+c(l— a)(l — 6)(a— 6)+6(l— c)(l— a)(c— a) 

= (a— b)(b— c)(c—a) 

and many others similar to these, all of which admit of immediate verification. 
14. Two other equations, which will afterwards be useful, are 



c 8 c {^ ia (aj+^ 13 (a;-^)-^(a5+^)* 12 (aj-^)} 
= 2(3 3 & 3 # 6 # 7 — ^^ft^) by (xxix) . . . 



(49) 



= 2(3- o & 5 o # 5 ~& a & 7 2 7 ) by (xxviii) (50). 



Connexion with the hyperelliptic integrals. 



15. Taking the fifteen ratios obtained by dividing all the functions but one by 
that one, it follows from the relations already established as (31), (32), (33), . . , that 
any thirteen of them can be expressed in terms of the remaining two, or that all these 

5 K 2 
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ratios can be expressed in terms of two new variables. Re-arranging now the first 
parts of (34), (36), (37), and substituting for the c ? s in terms of the k% we have 



*1 ^13" 1 K \ K Z K 3 ^s 



Fi{ Q. 2 



K 2 K 3 ^12 K \ K ^H ^12 K l K 2 K S ^12 






K 9> ^13 1 K \ K % K 3 ^ 



' ■ ■* hi 1 



+ 



KgKi S 3 3 



K 3 K 1 ^12 K l K 2^3 ^12 K l K 2 K S ^12 

K S ^13 1 ^ l /c 2 /c 3 ^9 1 J M IV 2 ^0 






1 



12 



^l^S"- 3 ^12 



(51) 



--/ 



agreeing with Rosenhain (95). Assuming as x , % as the new variables, put 



£ 3 

__J±L-— — A /y» /y» 



'12 



fv/f 






B(l— a?i)(l— -Gj) 



then if 



& 



4=C(1 -^(l-*^ 



9 3 
^12 



^2 , 

Q. 2' 

^12 



D(l — K^ X l) -~ ^2^2) 



^12 



the equations (51) are satisfied if 



xjl" 



K l K % K Z 



B: 






c 



/c a /c g 



*/ X X 



D 



^3^1 



/C oJV-i J\.o 



E: 



JC-ifCcy 



k gXgKj 



16. The other ratios involve x l} x % irrationally ; thus to find 



' v 8 ] > Rosenhain uses 



.& 



12/ 



equations corresponding to (xxvii), (38), (39), and eliminates 5- n , B u between them, 
giving a quadratic in ( ■—- ) . Having obtained this, the expressions for the other 



9- 



12/ 



functions follow by substituting for the ratios already found in the equations (3l)-(39) ; 
and the complete system of expressions for the fifteen ratios is as follows, the + 
sign being usually taken throughout (see Cayley, 'Crelle/ t. 88, p. 81) : 
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Q 2 
^13 



Q 2 
^12 



■ ■ ■" » if tf tf OP H(* 



^9 JWzH 

^12 



— _JW__L/-| ___. r \/l_ T \ 



Q. 2 
_1Q_. 

^12 



Ql 2 
rOrj> 



K 1 /C 3 /C 3 



/t -|Jt\.gJ\.Q 



ACgAfj 



»C7"-| g K q J\.-i J\. 



s 



(1-k 1 3 * 1 )(1-k 1 %) 



^ I K^ 3^) (1 K% X^j 



:V__ "I** (1—K*r Vl— * 2 r^ 

Q 2 7Y~f~ \ x K 3 x lA X K 3 ,X W 



«*1 ^3 



^1 VL %) 



Q, 2 



/Cr 



*0mC) /C gJtV."l -IVo 






^1^2 



^4 

^12 ^ 1^ 2-^-1^2 






^5 



/Cf 






^(52) 



Q. 2 
^6 



^1^3 



^12 3 ^Vs^A 



'irft' #<; 



^12 3 ^V^l^ 

vn 4t, 2/ 

1 



Q 2 



fC/lO K -\fC nfC 



12 



7 *"' at' 
1*2*3 



(.# 1 —-«2? 2 ) 
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Q. 2 „ 

^11 K 2 



^"12 ^ 2^-3^1 

{ \Z% 2 (1 -X^jT^C^jT ^fC^Xl -Kz%) ± y/^Cl --/gg)(l r-/g 1 ^ 1 )( l —K^%)(1 —Kfaz)} * 



(^1~^) 2 



^14 ^2^3 



^12 ^ 2^ 3-^-2^-3 

( A> 1 ^2/ 



K, 



Q. 2 

^15 x . 

^12 K 2 K 3^-2-^-3 



2 



{ >y/^(l -%)(! -^%)(1 z VgiX 1 - V^i) ± V^O- -%)(! Zfi!g]Xl -V^X 1 ^^2)} 2 



which correspond with Rosenhain's formula (97). 

17. It is now necessary to find relations between x v x % and x, y. Let 



■ C 5 



tvJUf\ 

3% 



Cf/rJ'r. 



c 



7 



LvJU, 







C 



r 







dy, 



o 



7 7 

where — , — imply that, after the differential of the function has been taken, both 

the variables are to be put zero. Differentiating the equations (49), (50) with regard 
to £ and then putting £ r) zero, and noticing that 



we have from (49) 






dx 
dx j 



C 8 C 9 ^1 



12 n Cli^r^g \ o o 



dx 



12 



dx 



or 



and similarly from (50) 



CO I i\7" no 

CCX \ i\7" -i g 



c 9 c ia j J o 



# ^ 



^2 ^3 



C 4 C 5 (T a" C 6 C 7 o o 



^12 ^1S 



12 ^12 



rjTQ */> 



r 5 2 7 

C C 5 "q^ q C 2 C 7 "of ¥*" 

^12 ^12 *°U2 ^12 



(53) 



(54). 



Differentiating the same equations with regard to rj and proceeding in the same 
manner we obtain 
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C 8 C 9 



dy\3- 



/ "A. ~L / ^2 ^3 

^12 ^12 ^12 ^13 



CaP K r\ t\ mmmm Cf\G 7 n A • • • • • * * \ / 



C 9 C 12 



^y\^\V ^12 ^12 ^12 ^12 



\ / 



which correspond to Rosenhain's (104), (105). Let 



X. l = X l (l—X 1 ){l- Kl %) ( 1 — K. 2 \) ( 1 - K 3 \) 

Xs=ajjj(l — a5a)(l — Ki^Kl — «3 S a?a)(l — *$ Sa! a) 



(57) 



Substituting in (53), (54) from (52), 



dx % dXj a, { ^7X^2(1 — «:,,%) — -v/X^l — Kc?X x )} — ff{ ^X^l — «/%) — ^/% i X^{\—K^X ] )} 



1 7 1^ *^ /| 



a ^ 2 <fe 






(1 -*>*+(!-*)£ 

«{ v^l-^Xl-^) - yX 3 (l- a!l )(l- Ks %)} -/9{ ^(1-^(1-^%)- ^(l-^Cl-^i)} 



tbo ——"■£(, 



] 



where a, /3 are functions of k v k 3 , k 3 and of c 6 , c 7 which will be afterwards seen to be, 
themselves functions of k 19 k 2 , k 3 . From these 



Similarly 



OuOCq j3[±.~~~ ~ /Cq £vi ) —~"0t( X """""/Co ^1/ 



Cfo 



2 1 



a/X, 



2' 



7 + &J] 



^2 **1 



\/X 2 , say 



CtUC-% OtA X *"— /Co t^gj ~ "~ /T)l x *■""* /Co JUoj 



dx 



If, then, we write 



^2 ^i 



vXj: 



7 + & g 

/"V? /v» 

2 1 



vX|, 



(A/Jut 



2. 



CvJU-t 

dy 



2 1 

7' ~f S^g 






/~ST 



(foj: 






**\ 



<y/ -X.^ 



(X'Ou-t ""j 



v X 3 



(%= 



A' + B'a^ , A 7 + B'ay , 



2 



2 



!> 



• » 



• « « 



(58) 



the foregoing equations are satisfied, provided 
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By - 

A'S'- 

B'y- 
By'- 



AS : 

By : 

A'S: 
AS': 



1 
1 






hence 



B_A 1^ 

B'_A'_ 1 

8 y ryB' — <y'8 

and therefore A, B, A' ; B' are determinate functions of k 19 k 2 , k%. The equations (58) 
are the well-known equations for the hyperelliptic integrals of the first kind. 



On the expressions of the quarter-periods as definite integrals. 



18. Integrating (58) 



x= 



'*i A + B# , 

V A - 



'** A + Bx 

a v X 



c£r 



2/= 



'nAf + Wx 
o a/^ 






*»A' + B'# 



a/X 



dx 



a, b being constants : we proceed to find some integrals giving the values of the 
periods. 

19. (i.) Let x=0, y=Q, so that all the uneven functions vanish; then, by (52) 3 

x 1 = J x 2 =—; and hence 







V A + Bm 



J a 



x/x 



dx 



f 



^ A + B^- 

v — — I / : \? r ax, 

b V & 



(ii.) Let x=K, y=0 ; referring to formula (8) the functions which vanish are seen 

1 



to be & l9 & 3 , & 9 , & l09 $ 14 , 5- 15 ; and to ensure this ^=1, #. 



* - ** 



so that 



K= 










•lA + Ba? 
o v ^ 

lA' + B'a? 






VA+Ba? 



<\A 



ax 



, .^A' + B'^, 

6 VA 
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(hi.) Let x=0, y=A: the vanishing functions are 3-%, 3- Si 9- Bi £ 6 , £ 13 , 9 lb ; hence 
«X/|— — ~, «a/o"~— Vj and 



= 



o 



} A + Bx 



c?$ 



fOA + Bx, 



A 



=f 



*a»A' + B'# 
o- V A 



<ix+ 



'OA' + B'a? 



(Jt'Jbt 



K 



A 



(iv.) Let a?=— . log jpr, y=— log rgr : the vanishing functions are £ 4 , & 6 , & 8 , 3 9 , £ 13 , 5 14 ; 



hence ^=0, #2=1, and 



— log _pr = I —t~- ax 



A 



<3t 



(v.) Let x=K~\-~ log r, y=&-\-—. log g : the vanishing functions are £ , & 3 , B^ & 5J 



ir% 



ir% 



5- 9 ,5- n ; hence 2^=—, x 2 =l, and 

/Co 



I 

^ Kj ] f*. a A + Ba? , , P A+J &p y 

7M, ° J y'x } a y/X 



A 



A +Z7log9'= 



7T& 



W k' + Wx fl A' + Wx j 

v A. J# vA 



By the elimination of a, & these ten equations reduce to the following eight 



= 



K 



f l A' + B'x 

1 A -f Bx , 

___ (jjjj 



~\ 



>> 



>o v/X 



% * * ft * 



(59) 



Ki 



•77" 



Ai 



7T 



log^= 



log rg 



V A + B^ 

i \/X 

A 

VA' j- B f x 

v X 



"A 



G^£ 



iXiJU 



O • 



• « • * 



(60) 



--> 







'*2 5 A + Ike 
1 v/X 



cfc 






MDCCCLXXXII. 



VA' + B'x 
5 L 



cfe 



» • « 



• « 



(61) 
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20. Let 



Then 



And 



ctnct 



so 



that 



K 



1T% 



: log r: 



V A + Bx , 



A 



7^^ 



• lo g <i= 



V A / + B' a 

1 -y/ -X. 



C?X 



*/ 



^ 



c a ■ » 



r 1 ^ 
Jo\/X 

(Aj lA/tJj 

oyX 



01 



21 



'1 Tn^p 

(Ay tl/t/y 



"A 






11 



r- . 







v'X 



K 



31 



• 8 * fr 



X Ct'J\.A-i £&Ja_-ji yr* 



/q cfoq 



Ki 



dic Y 



11 



1 cZK 



/^-j tt'^-i 



R — *• ^21 — TT - 



<i/^ 1 



— — — /<\— - 3i: iVq-i 
/q a/q x dfc x l 



^ 01 l 1Z . 



^ 



y/X(l—-/e 1 V) 



_£ t y / X __. _ p i 



R T + S x aj + T^ 3 + U r r 



\/X 



c£K 



Kl ^^^ 01 "^ 31 ^^ 31 "'"^ 11 "'"^ 



01 



. . (62). 



(63) 



P, Q, It, S being determinate functions of iq, k 3 , k 3 . By eliminating K n , K S1 , K 31 
from these equations it is obvious that K 01 satisfies a differential equation of the 
fourth order in k y as the independent variable. K n will satisfy a similar equation ; 
and hence also K 3 equal to 

AK 01 +BK n , 



(A, B being functions of k 19 k 2 , k 3 ,) will satisfy a linear differential equation in iq of 
the fourth order. 
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Section II. 



21. If 9^ k be the general single theta-function, then 






m= — oo 



[This notation, since it is already in use, is adopted in preference to 9\ ( jx 



- which 



would better agree with the definition of the double theta-funetion in (1) and with 
that of the " r" tuple function to be given later.] 

As is well known, there are three even, functions and uneven ; these are 

TT IT TT 

(even) Oi (#) = 1 + 2p cos 2x— + 2p 4 eos 4ccr^ + 2p 9 cos 6x— + . . . 

TT IT IT 

(even) Qt T (x) = 1 — • 2p cos 2asr~ + 2p 4 cos 4ccr^ — 2p 9 cos 6$~-~ + . • • 

HT TT HT 

(even) h (x) = 2^9* cos ^^r+ 2p f cos 3^_r+ 2j9 ¥ cos 5asr=+ • • • 



7T ^„._ TT ._«.._ TT 



(uneven) - h l (x) = 2p* sin ccr"~ — 2p sin 3cc— + 2p v sin 5x~^ + 



... 



and 



i e 1 ^x) 

f k! #-, Jx) 

en x= a / ho±2. 

v K e oa (x) 



dn x^ ^/ k 



.ofa) 



M«) 



22. "Writing in the definition of <& given in (1) 



itr tit 



we have the following series of expressions for the S's, 



Til — OO nvtrrr-m 7)1=00 



wiirx m ~ 2 n7r V 



^=1 + 2 2 #*** cos — L + 2 £ g^'cos 



m=l - 1 *- m=l 



J-*- <>». = i J* *■ 



?H— 00 71=00 



m<# 



+ 2 X 2 p m VM ^ ta cos K[~~+jf)+r~ %m cos ^(^— ^ 
and therefore 



> . 



(64) 
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m=oo n=T> 



2 $ 2 p m Y< 



m=l n=l 



r 2mn cosir{ ^+~ )+r~ to 



cos 



*(lf-?)}=^-M*)-My)+i . (65) 



the parameters of OiO (%) being p and K, and of 6 M (y) q and A, the same applying to 
the other single theta-f unctions of x and of y which occur below. 



m~co 



m=oo n=co 



5p2S p (m+i) " cos (m-{ 



771 — 



m=0 w = l 



2 



K 



(m+WsyM 2 



r (2m+l)a CQS ^ J ( m ^_l)-^^_!^ 



K A 



_j. r -<2»+l)» CQS ^ 



and hence 



(m+g)^ — 



ny 
K A 



( 66 ); 



m=0 n—1 



(m+i)*syn z 



p(2m+l)n qqq ^ 



<«+*>£+2 



_j_ r -(2»+i>« cog ^ J (m+^) 



* 



K 
=3, 



A j 



(67). 



91 — 00 



&» = 



2 X g (a+i)s cos) («+|)7+2 S $ p»y« + * 

w=o A n ~Q m -i 



n = co m — oo 



) s 



r (2n+l)m CQS ^ 






+(^+i)| 



+ r~ ( ^ +]);# COS7T 



and hence 



m$ 



(»+*)■? 11- < 68 ); 






n=oo m=oo 



u s p*Y«+» ! 



w=0 m=l 



r 



(2-^+1)^ 



fwi# 



?/ 



mx 



y 



COS 1T ¥ +H|)f [ +r -(^+D- COS 77 — -( w + i)^ 

=*i-0iM ( 69 )- 



f/j=co k = oo 



$3 —^ i Z/ jp 



(i%+l)V>+l) 2 



m=0 n=0 



^fe+ixw+i) cos ff J ( m 4.i^_j_( M _|_i) 



y 



K 



x 



_|_ r -2(»+IX»+l> cog n l ( m _|_l) 



K 



<•+*£ 



a s 



Similarly 



(70). 



W=oo ^=00 



2 s s (— iyp*<f 



m=l ?i=l 



r ta cos tt( ^+~ ) +r^ ta 

K ! A ' • 



COS 7T 



mx ny 



K A, 



(71). 



m— o0 ?t — o£> 



2 S S f -— 1 V+s^^+i) 3 ^ 



TO=0 W=l 



r<a»«>»Binn-j(w+i)|+^ 



a; 



4-r" (3a+1) sin 7f <j (m+i) ^ — 'v 



^5-^,l(«) • 



(72). 
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m=oo n— oo 



2 2 2 (_i)»y»y«+» ! 

m=l w=0 



r <2»+l)» CQS 



7Ti 



mx 



+ ( n +i)f 



A 



\mx 



y 



+ r -<2»i+l)» cos ^ J „( % |])Z 



=^6-^i,o(y) 



(73). 



m=oo w=oo 



2 2 2 (— i)*+y*+«Y«+*> s 



m=0 n=0 , 



^fc+woi+i) s i n ^ J ( m +i)|+(^+i)l 



A 



+ ^— (2»*+i)(«+i) g|-Q ^ 



( m +l)f - ^+^A 



rj-rv , 



* • 



(74), 



m=co w=oo 



222 (— i)y*y s 



m=l w=l 



Smn CQS ^f ^ + ^ ) + r ~to 



COS 



m# ny 



1 



^k-aVJ 



=^ 8 -^ (x)-^ 1 (2/)+l. . (75). 



TO— 00 71=00 



222 (— i)y«+*>y* 



TO=0 W=l 



r (2^+ik cos ^J (m+i) J+ 



K ' A 



+ r (2m+i)« cog ^ J ( m +i) 



K A 



=*9-^i,o(«) • * (76). 



m=oo n—co 



2 2 2 (-i)"+ip<»y»+» s 



m=l w=0 



^2»+l)» gi n „. j!^_|_( w _j_l} 

fmar 



1 

A 



+r -(a.+i)» gin „. J ^_ ( re +l)| I 



=-»io-^i.i(y)- • • (77). 



TO=oo yi,= oo 



2 2 2 (-i)«+y»+«y»+« 3 



to— n—Q 



(v>&xWl'T IlK'H I 3/ Q1Y1 7T -! 



( w +i)iF +(«+£)? 



K 



A 



+r -Sta+«0.+» s j n ff J( TO _|_£)|_( n + £)|| 



A 



11 



* * 



(78). 



TO=0O 51=00 



2 2 2 (— l)»+*jp»'g(« s 



m=l n=l 



r te cos tt( '^+~ )+r^ nm 



rnx , tmA" 



K A 



*i»-^i(*)-^o.i(y)+l- • • (79). 



TO=0O ?t=60 



o V V /. 1 \m+\+nfAm+Wrfi* 



w=0 n=l 



r^+«»sm77-{(m4-|)|+x 



+r-< 8 * + »»Bin fl -{(m+i)|-^jl=A IS -^ il (x). . . (80) 



TO=0O 5t~oO 

2 2 2 ( 

to=I n=0 



lW+«4- \ftf$Q{n + 1) 2 



^»(2#+l)/# esj^ ^r 



m# 



H>+i) 



y 

A 



+r- <3w+1)w sin ff j^r— (n+i)~ 



•&i4-Ai(y) 



. (81) 
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7% =5 00 % = <» 

2 2 2 (■ 

m=0 «.=0 



i y»+%^(^+i) 3 ^(^4"i) s 



*S(m+i)(n+i) 



cos 7r| (m+i) y 7+(^+ IVr 



T -2<w+ix»+*) cos ^J ^^i^^^i) ^ 



K 



A 



fVjTtg . » (O^J/, 



From these formulae many other double summations may be deduced ; the following 
may be taken as specimens. 



8 2 2 p 4 *^ 2 



r te cos 27r(-Y+^)+r^ 8mn cos 2tt( — — -£ 
-^o+^+^+^is-2^ H^2^ (y)^2^ 3 H^2^ 1 (y)+4 . (83). 



.^=200 ^ = 00 



8 2 2 p<3»«Y«( r ^ +1 > cos ^ j^l^+^j + r-«2»+i> cos J&!p^- 2 M\ 

m =r0 W = l L L ■"• A J IK. AJ 



$o-&4+$8-&n- 2 0oA x ) + 20 o,i( x ) 



» S 9 • 



8 a » * lO jc!# 






^/o,4.i\ f2ma? , (2^4-1)^1 , . ,„ ,,* F'2m# (2w-f l)y 



I I ' A J 
^o+*4--*8-«*i»-2^ 0i0 (y)+2^ 1 (y) 



K A 



» a e 



• 9 • * I O Cr /• 



m=oo ti~co 



"yK&.+ixa.+D cog 7r |(2m±l> + (2^ + l)y 



.1 ^— 2(2w+l)(2»+l) cog ^ 



(2m + 1)5? (2n-hl)y 






A J _ 



'^0"""^4""^8 + ^ • ( 86 )< 



fjfc = 00 yi = o& 

4 2 2 jp*tf*+w 



f2mx t t t lx y\ . rt ., rt . ,i,- F2ma; 






K 



(n+|) 



1 

A 



« «. « « a 



5 * 



B * » # 



(87). 



m— oo n^zoo 



4 S 2j ^n^+l) 3 ^{#+|) 2 



J»=0 %=sQ 



r <2» + l)(2* + l> cog ff [ ( 2?H + 1 )f + ( n + l) ^ 



J_y.-(*2w*i-l)(2»+l) cog ^ 



(2m 4 1)# 



^+|) 



?/ 



■^— A 6 



(88). 



jn~&> %-zzm 



X . 2^3/' 



4 S S $ m+w q^ % r^ iM ^ 1} cos7r\(m+l)-+ 

m~0 n=l 



K ' A 



+r -a»(2*+i) cos ff J( TO+ £)|_?^l 



^+•8-9— 20 I)O (a;) 



«03S9»iiei» 



* a 



9 I Ow |l 



4 2 2 p^Y" +1)s 

m=0 %3s0 



r ( 3 ««)(&+i) cos ff | ( m+ i) * + (2»+i)y 



K ' A 



4-r°* (2,B+1X2 " +1) cos ir\ (m+|-) 



2nH-l)y 



K A 



-9-j-"*-^ . (90) 
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O/rr 

24. Writing log r=^= log //, then 



2K 



% p y 



m=co n-=co 



<N I' 7 r )x 9 y \= t S (—1)'—^ 4 q 4 e 2a e 



(2m+ja) 8 (2n+v)2 (2n+v)irry (2m+ix)iir ( + w+y t A 
ml-rnpqr)- 4 ^ 4 •> 2A g 2 K \ " 2" BP / 



v/*> ^ 



w= — oo m— -co 

w=co 






e e 



-# * » 



(91), 



71= —00 



which is, in effect, Rosenhain's definition of the double th eta-functions. Taking a 
particular case, 



n=co 



It, — w %r[ .y 

\= $ q*(?*M0 OtQ (x+nlogp') 



nz=~<x) 



= 0oA x )+1 cos 2y~{e 0t0 (x+ logp') + 6> , (x- logp')} 



2A 



+2 4 cos%^{^ , (a;+2 log p ') + ^ 0i0 (a!-2 logp')} 



2A 



+g 9 cos <Sy~{9 M (x+Z logp')+^ ,o(«-3 logp')} 



2A 



I • # • 



+^sin 2y^r{0 OiO (a?+ \ g p')-d M (x- logp')} 



2A 



fjmm 

+12* sin 4y — {^ ft0 (a+2 log p')-0 OiO (a?-2 log p')} 



2A 



+ *g> 8 sin Gy — { 6> 0> (aj + 3 log p') - ft (a; - 3 log p') } 






"~p » . . 



Expanding by Taylor's theorem and re-arranging, this gives 



^o — ^o,or) 



77" 77" 77" 

l + 2gcos 2y--+22 4 cos4y ^+22 9 cos 63/™+ . . , 



2A 



2A 



' a# 



77* < 77* 77" 

2gsin 2y— +2.2g 4 sin 4;?/;r-+3.2g 9 sin 6y r—+ • • • 



2A 



2A 



2A 



+(iogpT^^- } 



17 ■ "i3o^«A« /(/.f^L I Q2n^v9 " 7r 



+i(log/>0 



2 ! do* 

/\3 ■*■ ^'"cqW 



2^cos2^~ + 2 a .22 4 cos4^— +3 3 .22 9 cos62/^t+. . . 






2A 



3! dizr* 



2A 



7T 



2 ? sin2?/™+2 3 .22 4 sin42/^+3 3 .2g 9 sin6y^-+ . . 



2A 



2A 



4- 

1 « » « 
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The bracket in the first term = M {y) 

__ A d0 OtO (y) 



?> ?? 



second ., 



7r dy 



J 5 J J WJ.J.XJ.VA .5 



third .. =-(T4# 

\7r/ twr 



,th 
99 99 ,b 99 



w th „ =±{-) - 



the sign being + if n=Ap or 4p+l, and — if »=4p+2 or 4p+3. 
Since 

i 

7 77" 

1 °g r =2K 1 °gP / 



. 2K 1 . 
. •. log p =■ — .-. log r 



7T I 



Hence 



0. _ a f„\a ( 9I \ 2KA lQ g r de oM de M ■ / 2gAjogr \ 8 l d%Jp) <V%Jy) 



+ 



^ ' \ 7r 2 J si daf dif x ' 



which may be expressed in the symbolical form 

2KAlogi- <P 

$ =e- * d * d t>Vo,o( x Wo,o(y) (93) ; 

and it may be proved by an exactly similar process to hold for all functions, so that 
generally 

2 KA log r jif_ 

► =e -• drAyO^ K {x)6 v<9 {y) (94) 



$ 



^>' y 



the parameters of 0^ x (x) being p, K ; and of Vl9 (y) q, A. 

25. The functions <3> have already been distinguished by the oddness or evenness of 
[jL\-\-vp; this formula (94) enables us to verify the division of the even and uneven 
functions given in the table. The latter will be obtained by taking one of the single 
6 7 s even and the other uneven ; and since there are three even and one uneven func- 
tion 6 for each of the variables, there will be six uneven functions <£>, obtained by 
taking the uneven function of each variable with the three even functions of the other 
variable : hence there will be ten even functions, since there are 16 (=4 3 ) in all. 
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26. The periodicity also easily follows. Since 6{x) and all its differentials are 
periodical in 4K and 0(y) and all its differentials in 4A, we have 



<P{x-{-4m'K, y-\-4n'A}=e' 



- ** dxciyQ^ A (;r+ 4m K)# I/)P (;?/+ 4w A) 



__2KAlogr _d> 



®{x,y] . 



• » « 



• a » • • e 



(95) 



giving the two pairs of conjugate periods 4K and 0, and 4 A. 
27. If K' be defined by the relation 






then it is known that 



2irix 



Hence 



0„ x (aj+4tK') =p~*e--Tre^ K {x) 



2KAlogr (P 2irix 



:p 



-4 



e - * e^{x)e^{y) ^- -g^ ^ je- * ^(*) 

/2KAlogr\»_l *g„(y) * f _«- , 

+ \ tt* j 21 dy* ^ ^ W 



dx* 



0*9 



25n# 



^"V^A^) 



. , x 4A 1 d0„ Jy) , /4A , \» 1 cP6 v Jy) 

dv o(y) r log r ; pW + -7 log r r- — fr^— . . 



. 2^ #g / x \ 2KA log r 

-TT^e~ K ■■ M> ■ - — 



rf03 



7T 



2 1 #0„ p (y) 



4-jp e' 



4 Jg« d^Qc) l/2KAlogr\2 



cfa; 2 2 !' 



7T* 



'd0 F p (y) 4A . d% Jy) , /4A , \ 2 1 

—r^ r log r — y'-^ + — log r — 

dy tti & dy $ \m & / 2! 

— , „ rlogr — f~ -\- [ -~ log r ) — — 7 

dy* nr% ° dy 6 \7n ° / 2! «i 



,(2/) 



© • « 



2ttm? 



:p-%- k 



0»>fa)0r, f [y~^rlogr 



I 4A 
2K A , d6^ K (x) d&v ' "{y~7ti l0g r 



7T 



3 



logr 



(JjJU 



dy 






8 3 » 



and therefore 



4A 



<lM #-f 4£K/, 2/+— rlogr 



:p *e 



2irix 

4< •)"*** Tf 



0,,K(x)O v , p (y) 



2KAlogr aJ0 M|X (» d0„ pv » 



7T 



2 



dx 



dy 



/2KAlogr\n dW^ k {x) d*6„ tP (y) 



7T 



id t \XnJU 



JxlD \j\j\jxiJs^ jL. A.X1 < 







a a 4 
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that is 






2rrix 

:p~~ h e~~* r <§>{x, y\. 



-\ 



Similarly 



> 



r 4K 1 , 4A 1 I , J™ c 



* r* 



j 



(96). 



which give the two pairs of conjugate quasi-periods 



— r log p and —7 log r, —7- log r and — : log q. 



28. The verification of the expansions in doubly infinite series of sines and cosines 
is easily effected : for substituting in (92) the expressions 



7TX 

K 



2irx 



oirx 



9 0i (x) = 1 + 2/? cos — + 2p 4 cos - — + 2p 9 cos — + . 



K 






iry f o ^ 2 th/ , y 3tt?/ 



^o,o(y) = 1 + 2^ cos -f + 2g 4 cos-r^+2g y oos-r il + . . . 



A 



A 






the coefficient, on the right hand side, of cos ir\ 



mx ny 
K ~~ A 



is 



= 2 



r 2 io^* 7'^ 

p m \f—2mn log r._p w V l8 +- — ^~m*n?p m \f 



2! 



• # » 



m z J mn 2 A/i —2)mi 



= 2p m q 1l r 



which is right. 



Second proof of the, product theorem (23 



29. The product theorem for single theta-f unctions, as given by Professor Smith 
(Lond. Math. Soc, Proa, vol. i.) is, with the notation of Section I, 

2n^(^)=n^^ . (97) 



ow, using (94), we have 



cp 



lfy> y H^) x '' y ' 



21C A lag- r[ & d* 



e ^ 



( a 2 a 2 \ 

Ito^+i^w/ k (x) $, v (x') e Vt p (y) 0* p {y' 



and therefore 



n<D> U ,P )x, y 



2KAlogr/ f^ 
Z^<3 ^ \dx 1 di/ 1 c> 



(P # # 

— ^— ^. j_ j_- 

ix. x dy % dx$dy. A tir 4 d// 4 



)uB lhk (x)Iie v Jy) . , (98) 
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By tlie values of X, Y we have 



d , / d . d . d . d 



d ___ 1 / d d d d 



*/ 



ft * • * « • 



^ — 1 / ^ ^ ^ ^ 

„_ __ *"* tr3 "'" _JL_ I |-B—| |-— H il l — ' — — l l .H M ' * KmL« ' 

S\ ,7V ' ,7V ' ^7V T JV 



dy x a \ dY-^' dY 2 ' dY 3 ' d,Y 



k 



V » • » • 



hence 



d 3 cZ 3 ^ 3 ^ 3 # d 3 d 3 r/ 3 

"■"" " '" ' ■— *— "■" ' "" i ii i ! ■■ ■ i —————— m 1 m ^HZZZ ~~ ■ ■.■■■■ — — ■ ■ ■ —i— — iuLa ■ ■ # V-J V,i I 

dx l dy l dxydyz dx%dy s dx^cly^ dX l dY l dX^dY^ dX 3 dY s dX^dY 4 * ' ^ '' 



By means of (97) and the corresponding theorem for H0 ViP (y), an expression is 
obtained £orIl0^ k (x)lI0 VtP (y) 9 containing 16 terms ; substitute this in (98) and transpose 
the operator by (99), and then, by (94), express each term as the product" of four <£'s ; 
and there will result the theorem already given in (23). 



On the differential equations satisfied by <3> 



r )x, y 



30. From the theory of elliptic functions it is known that if 



.„ do 






A= 



o\/l — k? sin 3 9 
I dd 



\/l— X 3 sin 3 # 



K, A, k, X are definite functions of p, q ; viz. : 



/ ^ 2 ^~l + 2p+2p*+2py+ . . . 

A y 2 A= z lJ t 2q+2q^+2q 9 + . . . 

2p* + 2p* -f 2p 2 * 5 + . . . 



\/\-- 






Also K, k are given each as a function of the other by the respective differential 
equations 

5 M 2 
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(1— /C 2 )- r r+ — -— K=0 

v ' die* tc die 

so that /c may be considered known, and likewise k 9 E, given by 

*»+*'*= i, E= fVl-/c 2 sin 3 ^ dd. 

Similarly if 

X ,3 +X 3 =l, 

Jo 
X', ]/ may be considered known. 

31. It is proved in Cayley's ' Elliptic Functions/ § 310, that the general single 
theta-function satisfies the differential equation 



f?_ 2a /^-|W+2«^=0 (100) 

d# 3 \ Kjdx cite x ; 



and 



dK_ E _K_ _ K / A3 _E 



so that (100) may be written in the form 



dW 2^ /3 dK dd , n ,A0 „ 

7" ?+ "IF" -r' a5 7~+ 2 ' c/c V = 0' 

awr i£ die ax die 



Differentiating 5 times with respect to x 



d? d s 6 , 2tctc'* dK d d s , rt *v< /2 dK d*6> , ^ , 9 d d s 6 ^ , 

-r-i - — i — Tr - -r-a?— — + 2$-=- — — + 2/a<:%- — =0 . . . (101) 

Now the general term in <I> in (94) is a numerical multiple of 



¥ 



i '— / 2 &A log r\ s d s 0(x) d s 6(y) 



or of 



it j dx s dy & 



so far as x, k are concerned. Then 



#iir 2/c/e' 2 dK d^lr TT rn . / ^„ xn 

_!__!_ — _ x =J1' 9 [nrst two terms m (101) J 



dx 2 K rf/c di? 
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and 



d/c 



Kj 



'd_ *#,_£_ clK <M 

d/c dx s K d/c dx s 



Hence 



d^ , 2/c/c^ dK d^ , n ,M ^ 
— I. J — x— + 2kk 2 — — = 

dx 2 K dK dx dfc 



and therefore also <3>, the sum of the terms \ji 9 satisfies the differential equation 



d^ , 2/c/c'* dK d$ 

+ — — "C- 



<&» 3 K d/c dec 



2^=0 

a/c 



• * # • 



* « 



(102) 



or restoring the usual coefficient in the second term 



Similarly <3> satisfies 



or 



ekxr \ & dx die 



?-^-D?+^=° 



rf\ 



d 2 * . 2XA/ 3 dK d<$> , nx . , d® , 

y — ^-^W^— = 



+ 



A d\ J dy 



dX 



. (103) 



• St* 



• (104), 



« • • * * 



(105); 



and from (94) it at once follows that 



d® , 2KA d*® n 



dr 



IT" 



i t 



* • » * ft 



(10G), 



32. All these equations can be deduced from the general definition of <3> ? viz. 






m= — oo w=— oo 



The equation (L06) is obviously satisfied. Consider the general term in $ to obtain 
(102); it is a multiple of 

(^M 3 ^( 2W .+^) 
W==P 4 62K V ^ 



the coefficient being independent of x, k. Now 
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d?u (2m 4- fJbfir^ 



dx} 4K 2 



u 



and 



du (2m + u) 2 i7Tx(2m+Li) dK 

""* ~ 11 — — . . <1L 

dp 4p 2K 2 dp 



du i7rx(2m + //,) 
X ' _ 2K W 



llenco 



Also 



du 
dp~ 


K 2 ^6 

7r 2 _p dx 2 


1 dK du 
K rfp dx 




P = e ~ 


K' 
■ ff K 



frees eeOe 



(L07) 



-y .JL.V-. J 

* p die K? 



7T 



/e# /2 K 3 

2 



{-KE'-K'E+KK'} 



7T 



2/e/c /2 K 2 



du 
Multiplying (107) throughout by j- and substituting in the first term on the right- 



& K ~ o ■ o 



1 fi/^9 

hand side the value iiist found for --r-, we have 



dw 1 dht 1 dK cfe 

d& 2/ca;' 2 d«# 2 K d*: d# 



and. hence <I> ? the sum of the terms u 9 satisfies 



d*& 2 Kl e'*dK d® /s*5_ n 

dK 
which is (102). The quantity — may be explicitly expressed in the terms of p as 

follows. We have 

(2JCA 
x — -j=:l— p 9 .l— p 4 .l — p {i> . . . (\-\~2p cos 2ce+p 2 )(l+2p 8 cos 2^+P 6 ) • •'• 

and 

<?o.n(0)= /2KN * 
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2K£ 



Writing it for and taking logarithmic differentials 



1 2K dd Q Ju) 



p sin 2x 



p* cos 2x 



^o,o( 2 ^ du l + 2p cos 2% +P* 1 -+- 2p 3 cos 2^-f j? 6 



; T • « • 



= sin 2# 



_p 



p 






p 



1 -f 2p cos 2x -{-p 9, 1 + 2jp 3 cos 2# + j9 6 1 + 2jp 5 cos 2a? + j*? 10 



i+ 



Differentiate again with regard to x, and then put x zero : 






\2K/ \tt 



C^2^ 2 






_(l+_p) 3 ' (l+_p s ) 3 ' (l+/) s 



But by (100) 






= 2kk 



A.(") 



W 2 /y/ 



1 dK 



27tK d« 



Hence 



«« /2 K dK 



JP 






P 



7 



2tt 3 ^ (1+i?) 3 ' (1+i? 3 ) 2 ' (1-fjp 5 ) 3 ' (1+/) 3 



;+ 



so that now all the coefficients in (102) are known explicitly in terms of p. 



On the constants. 



8. From the definitions of & 03 c we have 



c =l + 2p+2p 4 +V+ • • • + %+2^+'V + . . - 



> 



+ V{ 2 (^+i)+2*(r 8 + ^)+2 9 (' J2 + r 4J 



+ •• 



+ 2p 



9 



9(^+^+2 4 f^+i N )+2 9 ^ 8 +^)+ 



r 



18 



with similar series for c l9 c^ c 3 , c^ c 6 , c 8 , c 9 , %, c 16 . Substituting these in the complete 
set of sixty equations of which (41) are the type., there will result algebraical identities 
in three quantities p> q 9 r (mutually independent), corresponding to identities in the 
" g'-series" in elliptic functions* As an example 
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l+2q+ 2g*+ 2/+ . . 



2p 



+ 2p {l+qfr*+ty+tf(t A +ty + tf(l*+£) + • • • } 



+ 2p 



4 



h^hS+^h-^" 9 ^ ■ * 



r 



+2 r+^+ • ■ • 



nab / \ (¥>*■& 



+ 2p>\ l+ q [r*+±\+tf(r™+±) + ... K ■ • • 



r 



4 < 



+ 2p ¥ i 1 + q[ 1 + ^ ) +$ 4 ( ^ 10 + 



4 






5 _t_ 1 \ I. ^,+f „,10 _L JL I _L «9 1 „,15 „L _ \ _|_ I 






* m ii n fr — ' 



2^< 






1 -/>( r + ~ ) +P\ r *+-* I "PI r3 +fs )+ • 



+ 2^- 



l_ p ^ r 3 + _J +Jp */ r 6 + j_ i ,9/ r » + Ij + . . . J. 



-f- 2o 



25 



^ 1 -^ +>) +^0+1) -p*(W^ 



+ 



JL 

t » » » 



4 






+2^{l-^+i) + ^+i)-g»^+^)+ . . . } 



2p 



9 



l_gr(rH- -j)+^(r la + -)- gr0(r 18 +^i)+ . . . [+ • • . 



4* 



Also equations (42), (43), (44) give expressions for k 19 k 2 , k 3 , in terms of p, q, r ; and 
other identities are obtained from the equation (a)-(ic). 

34, Let k 3 =c, K 2 =c f ; then # being any single theta-function 



tit*) vvtt/ tvc/ 



where 



E 



a=:C 



K 



K de' 



/3= 40c'. 



First, let 6 be one of the three even functions : differentiating 2n times with respect 
to x 9 and then putting x zero 



$2*+2 



da: %l+2 



4na-r-r~4-p 



d# 



.-» %i 







afc rt& 2w 
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and therefore 

1 d*»+»0 2n dK d*»0 d d? n d 



that is 



kcc f dx^ n ^ K dc dx^ n dc dx^ n 

d d% n fl 

dc dx^ n 



tit o -i-O I i / Try o \ fy o ^v ^ 



=(-4cc'K 3 !Y +1 0(O) (108). 



Now 



^o(0)=(|)K» 
*o,i(0)=(-)W 



^,o(0)=(^K*c 



* i 



and thus, by (108), 



K^=(-l)^)*(4 C o'K^)' K . ( 109 ). 

K^=(-l)"(f) ! (4c^)K^ (HO). 

Similarly, if X s =y, X' 2 =y', 

A^f=(-l)f(%'<)A. (112) 

A^=(-l)-(f)"(WA^)"A V ' (113) 

A^=(-1^M"AV (114). 

Next, let # he the uneven function; differentiating the equation (2n+l) times 
with regard to x and putting x zero 

~dx*+* -**(*"+ l) fa *+i +P to dx ^\ -0 

MDCCCLXXXIL 5 N 
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and therefore 



L ^ +8<9 ia — __ 2n + 1 d& d ?l +i Ai>i_d_ d?" +l hl 
4cc' dx^ ~ ~ K dc dx^ n+1 do dx * H+1 

JZn+SA rJ d^ n+l f) 

"^ dx^^~ dc cZ^ +1 



that is 



Now 



K ^i^^l-(^ 4tCC ^)\^ (us). 

data*"* 1 \ dc) dx v ' 



= 2p i (l-p*){l~p*){l-p Q ) . . .sin^(l-2^ 2 cos2^+^ 2 )(l-2p 4 cos2^+p 8 ) . . . 



Hence 



5 ^-pif/i-pavi-^i-pe^ . § p 



2\*1 

" \ x 1 /ITT" 3 

777 7T 



Thus (115) gives 

K Sta+ 4nsS 1 =(- 1 )" +i (;) (^'K^Wk* (116). 



Similarly 



dx u+l v y \7r/ V dc. 



A2 " + ^ =( ~ 1 n-)( 4ry ' A ^) rVAI (117) - 



35. Another form may be given to several of these formulae. Let 



logp=p 

\ogq=q y . (118). 



2 log r=r'^ 

Then 

dp' 1 dp 7T 3 

d/c p d/c 2fc/c^K' 

and therefore 



and 



4cc , K^=7r^, ......... (119), 



4y/A 3 ~=7r^. . (120) 



These formulae practically contain the expansions in powers of as of the single theta- 
functions ; restoring k, k', these are 
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r K.x" 



0,0 



K 



7T 

K.X* 

IT 

Kx s 



0oA~- = 



01 TV I- 



2_\* 
It 

_2_ 

•K 



2! c^ 4! dp' 3 6! dp*"'" " * " 

/* ' 2! rfp' + 4! (%' 3 6"!"~1^ "" 
" ^u a; 2 d(«K)* , x* cP.jicKy _x« #.(«£)* 



1 



• • • 



1 - f~Kx s 



.7T 



(fClc'K 8 )*^ 



3! rf/ + 5! dp^ 



Expanding the cosines in the right-hand side of 



o ,o( — J = l + 2p cos aj-f-2p 4 C os 2,x+2p 9 cos 3^+ . . . 



and equating coefficients of x n , we obtain 



> 



j 



(121). 



d n .K k 



dp 



f n 



(2 7 r)*{p+4"j) 4 +9"p 9 +16 B p 16 + . . .} 



l + 2p+2p 4 +2p 9 -f . . . 



which is easily deducible from 

'2K\*_ 

Tt J 

and so verifies the above expansions. 
Similarly 

J =!■ = (2ir)* { —p + 4»j> 4 - 9"p 9 + 1 6"p 16 

^■W /„ wjl t ,_/9\» * ,/25\» .. , 
d°.(™'K 8 )* . ♦ r i x / 9 \. . /25\» .. 



-...} 



• * • 



. . (122), 



3.6. By means of the same formulae it is possible to obtain expressions for all the 
constant coefficients which arise in the expansions of all the &'s in powers of x and y. 
Since by formula (4) 

^"ov^ yj^&oi x > y) 

it follows that 



1 



#0 — C otV^0,0> -^0,1' &®,%L X 9 V) + • ♦ • 



2! 






(-1) 

2^1 



where 



V^0,0> ^0,1? ^0,2> ' ' • 9 ^0,n • • • 9 N 0i 2aX X 9 V) '*H"" 



(-1)-N ft .= ^ 



. . (123) 



5 N 2 
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the zero subscript in the differential coefficient implying that the variables are made 
to vanish after differentiation. Now 



»o—Vo,o\ x )0o,o\y)— ^ dx dy +[ ^ ) 2 i dJ ~dif ' 



t « » 



Eemembering that an uneven differential of an even function is an uneven function 
and that an even differential is an even function, we have 



(— l)*N 0)2 i — 






Let 



r'KA d^-^6 M # s+3 0„, o 



1 /VKAW 3 «-^0 oo # s+ *0 OiO 



/ i VIST — ■ *.*.+•. w w 0>0 w w UiU ^ ,|i^; "o,o " "o,i 



• » • 



2 

7T 






/4 



# 



2 1 

7T 



2! dp'dj' ' 4! ^'%' s 



/a"T" * * 



72 



,¥^; 



«»»*»»»»**» 



(124), 



Then we have 



A 



2" 



2 

7T 



/<■> 



cP 



M 



1 I __ - I '_ 



d* 



3! dp'dq' 5! dp /2 dq^ 



"P . . . 



# 



sinh 



flrr 



d 3 



■r 



\dp f dq' j _ 



• • 



• • * ♦ * ( 1^0 1« 



/^7^ 



K dpdq 



""""" 1 * •• » • • • • • • • (l^OK 



and 



'jj-XZin— s)/ 7r \2s fin 
1M n o.«— — I ^ I I 7 I i" 7~ I~ ~-.»^- / * * ' * * * * * * \ /* 



0,2* \^ K y \^/ dp'"- s dg 



N 



0.2*+l 



7T 3 \K/ \A/ dp'"- s dq' s+l ^ 



ZaoJ&- 2 aV 



3, i l 
a 



• * 



. (1.2b), 



The remaining formula are obtained by an exactly similar process and are as follow. 



^i— c i""2P lj0 ' 1j1? lj ^^ 2/) + s * • 



w 



here 



+^(N l!0 , N L1 , . . . , N 1>w . . . , N li2 »X®, # fl + (129) 



2«! 



i i A J, 



C-j - — Z\-i« i\. a C*A. a • 



• # It 



• • 



. . (130), 



and 



n 



XT — / ' 7r \ 2(, *" ,J Y 7r \ a * ^ 



• e • • • 



\K, 



\A/ dp' n - s dq' s+l 



* * 



(131), 



»,, M „=^r-^r^~„A, K wA. .... (132 ). 
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1 

4—2^7-(N 2i0 , N 2il , N 2)2 , . . ., N 2 ,„ . . ., N 2i2 ,)>, y) & + (133), 



where 



c 



2 



=A 1 .KjAV (134), 



and 






*W=-^-(k) (a) i^^* K * A V . . . . (136). 



1 

&s= c 3-;7i( B 3,o> B saJ Bj.gXoj, yf+ , . . 



k» 



where 



(—IV 

+-2^f( N 3,o, N 3a? N 3}2 , . . ., N 3> „ . . ., N 3>2 ^ yf l + . . . . . (137), 



c 3 =A 1 .K*c i AY (138), 



^"-[kj \a) ajwjfi* • • • • • ( 139 )> 

^»+i=-jr[z) [a) d^I^^ .... (140). 



^4=c 4 -^(B 4i0 , B 4il , B M X X > y)*+ ■ • • 



21 



in 



where 



(—IV 

+""2^r( N *^ N *i* N "> • • *> N ^> • • •» N ^I^ yf n + . • . (1^1), 



c^Aj.K^A* (142), 



m 



^4,2.-^ Ky ) gg ^n-^P^ (143), 
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1 1 

-3 B =CzX+c 5 y-~{C Bi0 , C 6fl , C 5tSi , C 5i8 }>, 2/) 3 + • • . 



o -6"-I - Kf 3 ,' 



( — 1)» 
+ <TTTi f( ^^0? * 5,1' -^5,2? ' • '? -^5,^ ' * 'J *5,2» + lX X > ?/) " + ♦ • • « (145), 



2^ + 1! 

where 

1 

K 



t/g— — ~ LipC xv 2 iv. , . . . . » . . . , , {14t)}j 



Ck iAq • C C XV i A ) 7 V • • • * • • * • (14/ , 

° 7T \A/ % V 7 

^5,2* T^Itt-) (a) J^n-sJ„>s Cr c> (148), 



K\K/ \A/ dp'»-*d2'* 



-^5,2^+1 



(rj r \2(n—s)/r 7r \2s d n C ' 

KJ \a) d^dq^ KA •••••• ( 149 )* 



where 



^ 6 — c 6 — (B 6j0 , B 6il ,. B 6ta j£r, 2/) + * • * 

H 9^T"( N 0>0? N 6jl? N 6j2 , . . . , N M , . . . , N 6j3 ,J(#, 2/) "+ (ISO), 

Gfl — — i«A I . XV O jl\. 'V ..•• c ..,.«»•> . I I Jijj 

JN A9(94 . 1 = — ~ 7 — 7tttA 9 .K 2 C 4 A a y 4 .... (153). 



& o • 

"^2y^+]fp 7,0> *7,1> *7,2? • • • j -M,*' • • • * -Mi^+lX^ 2/) * + • • • (154), 

where 

(yw— — z^za-j ;C o xv *y iv. * . . • • . « » « • t.itjtj/j 

^'""kW W <W—dqf K&! [ h 

c 7— ,,.2 A 2- c c ^a 3 ^' • \. i5 ';> 
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where 



1 

&8 — C 8 ^j(^8.0» -"8,1' Bs,2X X > V) 4" • • • 

+ ^t(N 8i0 . N 8i1 , N 8iS , . . . , N M , . . . , N 8i2 «X«, yf n + (159), 

c 8 =A 1 .Ky*A* (160), 

N ^ +1 =^t(k) Uj ^- W mA a -KV-A' .... (162). 



1 

&9==c — r- f (B 9i0 , B 9|1 , B 9i2 j[a5, 2/) + • • • 



2! 



(—1)* 

+-^r( N 9,o> N 9a , N 9j3 , ;. ., N 9j „ . . ., N 9j2 ,0j>, V? lJ r ... . (163), 



where 



l Tr l /I 4 i 



CgrrrApC'K^y^A* (164), 

*Wi--^j Uj ^S^m A »-°' K 'y*A'. • • • (166). 



where 



1 i 

rS- 10 =c l0 x+c l0 y~-(C lM , C 10jl , C 10j3 , C 10>3 X«, y) 8 + * . . 

(— 1)* 
+ 2^+T!^ Pl0 ' 0? P ^ 1 ' Pl °> 3 > • • •> P ifc» • • *> P io,2^iI^ 2/)^ +3 + . . • (167), 

°io=^r^.y*y^ s j^r (168), 

X 
^io=X A i->y* K * Af (169), 

P 10 ,,= KA^j (aJ^^iS (170), 

-fio,^ +1 -x^y vaJ^w^io ( 171 )- 
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1 1 

T*ii=c n a5+c 11 y--(C llf0> C lhl9 C 11}2? C 11|8 X», 2/) 3 + • . . 



271 + 1 
where 



c / 11 =^A 1 .y*yVK*A* . ........ (174), 

/ f 7r \^(n-"s) / rjpVls flu c 

P ll.8»+l=A\lj \KJ dp'«-°dq'* AC u ( 176 ' f 



^13— C 13~ Ti(-^12>0> -^13,1' -Bl&sX^ 2/) + • ■ ' 



+~7^"r(N;L2,o> N"l3,l> N 12l2 , . . ., N 12) „ . . ., N 12i2 „X«, 2/) *+ • • • • (17*7), 



where 



c 13 =A 1 .c' i Ky J A 5 , (1^8), 

®^-{k) \a) dp'» Z °dq'* Cl!i K h 

N 12l2s+1 =---^ry ( X j W - sW ^.c^y^ . . . (180). 

1 1 

T* 13 =c 13 aj+c / 13 y— —(C^o, C 13a , C 13?35 13 , 8 X^ 2/) 8 + * • • 

+2^~T~2."f(-Pis»05 -Pisa? -vl&s* • • • > -ti3,*> • * • > -vis^+iX^* 2// + • • • V 1 ^ 1 )* 
where 

c 13 ==A 1 .cV*K f y /4 A i .......... (182)^ 

/KA. x ,i ry i/ir\*d f /W /iqq\ 

c 13 =-^-A a .c^^y- ¥ - (183), 






5 



P 13.»+i =KA (k) (a/^^KA ^ '" 
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where 



:3- i4) —c l4 ;X-\~c 14^— g"j(O 14i0 , C 14|1 , C 14|2 , C Mj3 X^ 2/) 8 + • • • 
(— l) w 

2w+T~P 14,0 ' 14 ' 15 14,2? • • • s *14f,« • * • ' -^14,2»+lX^ 2// + . . . (186), 



/KA 



1 A A i-i 

4 — /.J. A ^1 



ci4=-3rA 2 -y c y 1 A* f 



'tt\W*K* 



7T 



K/ (%/ 



» * 



(187), 



1 



c 



l T rl 1 /I . 3 



MF-A^'Kyy'A 

.A. .ft. 



6 « 



* « 



(188), 



Lastly 



1 I4»2<y— KA(-^ 



n 



C 



u 



A/ dp /n ~ s dq /s KA 



a e 



p _1 / irY^-d / ttX^ d 



W 



XJlC 1 



A/ dp' n -*dq' s u ' 



c e » • I -L O t7 J, 



(190). 



"^15 — °15 ot("l6,0> -"15, 1» -DlS.SA^J 2/) 



where 



2! 



(-1)' 8 , 



• • 



+ ~~2^( N 15»0> N]5 '' 15 Nl5 ' 3J ' • • ' Nl5 '* J ' * ' 5 N 16,2*X#> 2/)^+ • • * (191), 



r 






c i5=zi A 2- c * c *yy *k>a 



3 A S 
2 



7T 



. . (192), 



N 



n 



15,2*' 



K/ \A/ dp' n ~ s dq fs Cl5 



XT — 1 /ttY^-^D/tt^ 



^~ X 



» • 



KA\K 



\A/ dp'"- s - 1 dq' s 



. (193), 



Ai.cVy/'K^A 1 .... (194). 



37. The forrnulse (42), (43), (44) give expressions for /q, k 2 , k 3 in terms of the c's ; 
and therefore, by the preceding, all the /c's of § 13 can he expressed in terms of K, A. 
In fact, we have 

( A l . K»AM) x (A, . K*A»cV) 



K i =■ 



(A^EM^x^.EMV) 



, _(A 1 .K i AV 1 )x(A 1 .K*AVV) 
K 1— ~(A7K*A») x (Aj.EMV) 



^ • • * • » . » (1*70) 



K 



2 



K 



2' 



/Co = 



K 



MDCCCLXXXIL 



(A lt gA^) x (A^gA***/*) 
(A x . K^AV) x ( A x . K*A V * ~ 

(A^KlAVy) x (A^EMVy*) 
(Ai.K^AVJxCAx.^AV*) 

(A T .gA¥) x (ApgAMr/*) 
(A^KMV*) x (A^KJAVy*) 

"Ta^a^A! . K^Ayo~~ 

5 o 



* • e 



(196) 



_^ 



. • . (197) 



-/ 
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3 ~~7r 3 (A^K^A*) x (A r K*AV) x (A^KMy*) 



.3 . 3 



_ g (Ai.KW) x (A v gAV) x (Ag.EMWVy *) 

3— 7r 3 (Aj.IOA*) x (ApKMV) x (A^KMy*) 



(198) 



(199) 



„ _ •/ ( A t . K*A*cV*) x ( A ! . K*AV V*) x ( A 8 . K'A'cV V 7 ' J ) 

^tt 3 (A^K'A*) x ( Ai.K'AY) x (AjJ^AV*) ' ' ' ' ' 2 °°'' 



Section III. 
The Addition Theorem. 

38. There is no addition theorem proper for the theta-functions, but the product of 
a theta-function of the sum of two variables by a theta-function of the difference of 
those variables can be expressed in terms of the functions of those variables. Thus 
with the previous notation for the single theta-functions 

^AoRK^fti^-^^imi'M-^uWuH (201), 

^i 9 (0)^,i(t*+^i, 1 («»-t;) = ^ 1 »(«)^i 9 W-^i»(«)^i 9 («). (202), 

^o(0)^,(0)(?u(«+^fti(«-») = ^i(«)^i(»)^o(^oW 

+ M*)0i>)0 1 ,o(«)0 ft o(«) • • (203). 

«o)_ K and ^!(0)_ K , 

^o,o S (0)~ ' ^o,o 2 (0)"" 

Dividing the third of these by the first and substituting for the 0's, there results 
the ordinary expression for sn(u-\-v) ; and the division of the second by the first gives 
sn(u-\-v)sn(u—v). The object of the present section is to obtain, by means of the 
theorem (23), the complete expression of the sum- and- difference theorem for the 
double theta-functions ; it will be given by 256 formulae similar to (201), (202), (203). 

39. Some abbreviations in the notation are desirable ; in the subsequent formulae 



© denotes S-(%-\-£, y+??)> 
0'' „ 9-(x—(;,y—r]), 
3- „ &(x, y), 
„ £(£ v ), 



(204), 



and, in order to simplify the first forms which are obtained from (23), some subsidiary 
equations are necessary. For example, writing down equations similar to (i)-(x) in 
Section I., but involving # 3 & 3 instead of c 2 $ 2 , the following simpler relations are found 
to be their equivalent and include (31), (32), (33) as particular cases. 
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2Q 2 I 20 2 id 20 2 

^V ^0 + #7 $7 + ^10 ^10 : 

# 2o 2 l /? 20 81 J 20 2, 
^0 ^0 n^ ^11 ^11 T ^14 ^14 ' 

^0 ^0 + ^7 ^"7 "^" ^13 ^"13 

#1 ^l + #4 ^"4 +^10 ^10 
"4, $4 + # 9 r9- 9 + (J l4i 3- l4} : 

^5 ^5 +^11 ^11 +$14 ^14 2 

Then by (23) we have, for instance, 

4% 2 ® 13 ©' 13 = W+ W+ W+ e^J+e^ v + w+ *n 8 V+ <W 



= # 2 $2 + #9 ^9 + ^12 ^12 

= #2 5- 2 + # 8 * £ 8 + # 15 5- 15 

= 6^+0*** +0 8 * 9- 



2 



8 



73 2Q2I/3 20 2 1/3 2o 2 



^ 2 V' 



^5 ^"5 ^9 ^"9 ^13 ^13 — ^2 ^"2 — ^6 ^ 



2 



6 



f) 2Q. 2, 



— Aft) 2( * 2 -l-# 2q - 2 —- # 2 9- 2 — # 2 ^ 2> > 
by equations (205) and therefore 

<>»'**&»= W+ W- W- V* 



2 



13 



which reduces to an identity when f, 77 are both zero. Another similar set is 

e* V +0? V +0 3 2 V +W V =0 5 2 V +^ 2 V +0 6 3 V +<?* s V 1 

^8 ^13 +^10 ^15 + ^9 ^"12 +^11 ^14 = ^13 ^8 + ^15 ^10 + ^12 ^"9 + ^14 ^11 



2 



2 



14 



*V V+^V+fV V +^ V = <W + W + ^4 2 V +#3 2 * 

e * v +^i3 2 V +0 3 2 V +W=V V +^ 2 V+#6 2 V W* 
*V &i +0i4 2 V+0 7 2 V +^i5 2 ^io 2 =^ 2 V +^i 2 V+^ 2 V +W 

W +^ V +^13 2 V +^ V =^9 2 V+^l 2 V +^ V+^0 2 V 
W +^ V +^ V +^15 2 V=^9 2 ^12 2 +^3 2 V +^0 2 ^5 2 + W 
W +^ ^6 2 +^13 2 V +^2 2 V =^ ^12 2 +^6 2 V + *8* V+^ * 
^ V+^2 2 V +#1 2 V +^11^14 2 =^13^8 2 +^7 2 V +#4 2 ^l' +^» 
do" V +015 2 V+^1 2 ^ +W=^ V + W+04 2 V +V*14 



(205) 



fl 2q 2 

^14 ^14 



2 



2 



11 



2 



2 



(206) 



and by means of these we obtain, among others, the result 

r 2(h) (H/ — #20 2_/3 20 2 I # 20 2_/3 20 2 

which as in the previous case reduces to an identity when £, 77 are both zero, 
similar to the last, and likewise necessary, is 

5 o 2 



A set 
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(207). 



8 8 V +W +0n%* + W = *»" V + W+V V+^V 1 

8 s v +0/ V+<W +0 5 2 V=^ 8 8 V + W +0i 8 V+ W 
* U »V + 3 8 * 9 a +W +0 o a V=07 2 V+ V V +V V+ W 

^l 8 V+^ V+^ ^8 8 +^7 8 V=<W + *14 a ^ 8 + ^ a V + W 
^ V+ W +^3 8 -»9 8 + V V^A* +^V +^9 8 *3 8 +^6 8 V 

W +^ a V + W + W =^ a V+V V + V V+V *i 5 2 

V VWV +W V +^13 8 V = W +^5 8 V + #8 8 V +A" V 
^ V + ^0 S V + 08 2 V +^3 8 ^ =^H 2 V + W +^8 8 V +^9 8 V 

W V+ W +^ 8 V+0A 8 = W +0 o a V+ W + V V 

W + W +W + W =^ V+07* V+*** V+^6 2 ^15 8 
^8 8 V +#3 8 V +W +^ V=^ V + <V V +^4 8 V+ W j 

The equations necessary to reduce the forms first given for such expressions as 
c s c 3 ® 1 © / will be found at the end of the sixteen sets, each of sixteen equations. 



c 9 c i6»6 te 







40. First Set, with ©' . 
c c © ®' O =0 O Q *o *o+0 7 Q n *7 *7 +^<AoVio+ 013018 Via 

C Z C S ©j ©'0=^3 *1 ^0 + 06 07 *4 *5 -010011^8 *9 ~ M^*! 3*18 
CjCg © 3 ®' =6A &> ^0-05 07 *4 *6 +09 011*8 5 10~ ^lAVl* 
Cl C s © 3 &' O =0A £3 £ O +0 4 07 *5 *3 +08 01 A *10+ 01301^12*15 
C 8 C 12 © 4 ©' O =08012*l *0+ 010014*2 *6 -^9 013*1 *5 ""^U *7 
CA © 5 @' =6>A £ 5 \ + # <? B ^ £ 4 +^0015*11*14+01*011*10*15 

09015*6 *O+01 07 *8 ^14-013011*4 *2 ~h 0, ^^ 
0106 *7 *O+0O 07 *1 *6 +010013*12*11+011012*10^13 
04,012*8 *O+0o 013*9 *1 -06 014*2*10-07 015*3 *11 
06015*9 *0~ 01407 *8 *1 +02 011*4 *13" 03 010*12*5 
0208 *10*0 + 01000 *8 *2 +01307 *5 *15 + 5 ^7 *13 
0308 *lA+0H0O *8 *S +05 014*6 *13 + 6 013*5 *14 
0A *12*O~01 013^5 *9 +06 010*2 *14~ 7 011*3 *15 
ClC 13 © 13 ©' = 01012^13*0+ 01300 *1 *12-0 7 010*6 ^\ — ^ 011*7 *10 
¥lAA=¥l8Vo+Vo *2 *12-05 011*7 *9 -07 09 *5 *11 
C 6 C 9 © 1 5®'o=0609 *15*O + 05 010*12*3 +04 ^1*2 *13 + 7 8 *1 *14 



ClC 6 ®7 ®'o 



C 4 C la © 8 ©' 







<Vas®9 » 



<hfis ^10^ 
c 3 c 8 © n ©' 

C 4 C 8 ®12®'o 



Konigsberger, in his paper already referred to, gives a set of sixteen similar equa- 
tions expressing the sixteen functions © r ©' in terms of products to which the above 
are similar ; but the constants on the left-hand side are for the most part different 
from his, with the result of making the combinations on the right-hand side different. 
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41. Second Set, with ®\. 

C 1 C 1 ®1 ® 1 = ^1^1 &1 &1 ^7 ^7 ^"7^7 + ^11^11^1 Al — ^13^13^13^13 

c c s ®,®\=0 O S 3*^-05 fl V? + 8 ^A^xo- ViAAs 

C C 3 © 3 ®\ = d d, ^ ^K # 6 ^ +0 S lo Z g Au + ^^M* 
3 C 6 ©4 0'!=^ *4 ■Si" ^8 ^7 ¥o "VlA ^18+^10^15^8 *13 
C 3 C 6 © 5 ©' 1= ^A £ 5 VK 6 V, ~0 1( AA ^13-^9 013*10*14 
C 4 C 3 © 6 ©'^^ ^ 6 ^-0 3 B Vo +^ll^lA *M-^lA *15 
C C 6 © 7 0'!=^ *7 ^1 + ^7 ^1 *0*6 + ^11^13^10^12+ VlA A3 
C C 9 © 8 © 1 z=0 6 9 S-q &! # 3 ^io^2^"ll "~ ^4 ^13^5 ^"12+^7 "H^6 ^15 
C C 8 © 9 ©'^^g £ 9 ^~0 2 #10*3*11 + 05 M* *12~07 #lA *14 
% ®l0®'l=^8 *10*1 + 01001 *3*8 -^ Ms ^-05 014*7 *12 
C 3 C 9 ©u®'^^ ^A + Ml V9 -05 015*7 ^13-07 013*5*15 

<^9 ©12©'l = 4 9 ^12^1~0O ^]M -03 01 A ^11 + 07 010*2*15 
C Cl2©13®'l= 00012^13^1 + 0l 013Vl2-07 Me^-^J 0.10*7*11 
<Vl5© M ©'l = 0O015^lA + 0M01 Vl5~0 5 010*4 ^11-01 011*5*10 
C 6 C 8 ® u ®\ = 0,0 8 ^ 6 ^ + (9 6 0^2*12 + 00 0^9 *7 +03 013*4*10 

42. Third Set, with ©' 2 . 

Cl C 3 © ©'3=^3 *0 ^2-05 07 *4*6 -09 011*8 ^10+013015^12^14, 
C C 3 © x @' 2 =:0A *1 ^2+05 06 *4*7 ^8 M. *10 ~ ^uVlS 
<% ® 8 e' fl =^ 8 ^^s+^g 5 Vs -010010^10^10-013013^13^13 
<¥l B 3 ®'2=0 O 01 *3 ^2+04 05 *6*7 +010011^8 *9 + 014015*12*13 
C C 6 ©4 ®' 3 =0 O 06 *4 ^2-03 05 *1*7 -010012^8 ^14+MjA *15 
Cl C 6 ® 6 ®\=0A \ S,+ 0, 0, Va -01OM9 ^14-09 014*10*13 
C C, © 6 ©' 3 =0 Q 4 ^ 6 Z 2 -0 1: h bfo + VlA ^12-011015^9 *13 

Cl c 4 © 7 @' 3 =0A £ 7 £ 3 +0 7 3 ^ + U 014*8 £ 13 + 8 M1A4 

C z C d © 8 e' 8 =^ 9 £ 8 \~0 Y ^nVlO-07 013*12*6 +05 015*4 *14 
C S G 8 © 9 ®' a =0 3 8 £ 9 £ 3 -0 o 011^1^10+06 013^7 ^12-05 014^4 ^15 
C C S ® 1O ®' 2 =0 O 8 ^io^2 + 3 10 \\ +07 0]A ^13+05 013^7 ^15 

c c 9 e u e' 2 =d o 9 ^A+^ 8 ^ u v 9 +^ 7 Mb ^12+05 0^7 * M 

C 6 C 8 ®12® / 2=0 8 08 ^12^2-03 013^9 ~^0 M4 ^10+ 5 *lA ^15 
C 3 C 12®13® 2 = 03012^13^2 + 02 013^3^12—05 010^4 ^11 — 04 011^5 ^10 
C0 C 12®14®'2= 00012^14^2 + 02 V^-^lA ^5 ^9 -#5 09 *lA 
CiCi 3 @ib©' 3 = 0^1^15^+ 01106 V 8 +07 010*4 *9 +00 013*3 *14 
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43. FOUBTH Set-with 8',. 

-Oflz »9- 5-3~~^4 #7 5- 5 S-q -— # 8 n 9- 9 ^io+^l3^14^12^"15 
■O o 2 ^ ^3 + ^4, # 6 & 5 5" 7 — #g ^10^9 ^11 ~ $13^15^12^14 
• 0Q0-L &z £3— #4 # 6 ^6 ^7 + #10$lA ^9 —^15^12^13 
: $3$3 ^3 ^"3"~"$5 $5 ^5 ^5 ^11^11^1 Al« ^13^13^13^13 
■OjUq 3-4 3-% — o #7 5- 3 5- 5 —^11^1^9 ^14+ $10^13^8 ^15 
'-0Q0Q $5 5-3+^ #3 5- 5 5- 6 —#11^13^8 -9-14 — &8 #14^11^13 
: ^1^4 ^"6 ^"3 $0 $5 ^2 ^7 + $11^14^9 ^"12 $10^15^8 ^"13 
^4 ^7 ^3 + ^7 #3 $0 ^ +^lA ^13 + ^9 #13^14 
: ^2^9 ^"8 ^3"~^0 $11^1 ^10 ""^7 $12^6 ^13+^5 $14^4 ^"15 
0J)% S-g 5- 3 — Q V l0 3-i ^11 + ^7 #13^6 ^"12 $4 $14 ^5^15 

■ 0J0Q 5- 10 ^3 + ^10^3 ^1 ^8 ""^7 $14^5 ^12~"$5 $12^7 ^"14 
:0 O S V8 + M8 *0 *8 +^5 #13^6 ^14+^6 Ms ^13 

= %Va-^5 V>e ^9 -A My ^ +^6 *iA ^13 

: $2$12^"13^"3+$3 $13^2 ^12"" ^5 $11^10^4 ~~$4 $lcA> ^11 

: $4$9 ^14^3+ $3 $14^4 ^"9 ~^0 $13^7 ^10 "~$7 $10^0 ^13 

C C 12®15® / 3=^0^12^15^3 + ^9 #5 Ve + #lA ^4 ^8 + #2 #14^1 *13 



C 1 C 2 


©0 


©' 3 


C C 2 


©1 


@' 3 


C C 1 


©2 


©'3 


C 3 C 3 


©3 


©' 3 


C 1 C 6 


©4 


®' 3 : 


C C 6 


©5 


®' s 


C 1 C 4 


©6 


©' 3 


C C 4 


© 7 


®' s : 


C 2 C 9 


©8 


@' 3 : 


C 2 C 8 


<B>9 


©v 


C-iCg 


© 10 ®' 3 : 


C C 8 


©n©V 


C Cl5®ia®'3 : 


<Vl2®18 '8 : 


C 4 C 9 


© 14 ©V 



44. Fifth Set— with ®' 



4 s 



O 8 Cl 2 ®0 e'4=Wo *t+^y 2 ^6 +^9 ^18*1 ^ +Ml6*S ^7 
<V 6 ©1 ®' 4 =^6 *1 VHs ^7 ^0 ^5 -^11^1 A ^12~^10^5^8 *13 
<^6 ©2 ®' 4 =^0^6 *2 VK ^5 *1 ^7 +^10^12^8 *14 + Vl3*0 *16 
Cl C 6 ® 3 @' 4 =^^ ^ 3 ^ + ^ #7 ^2 ^5 +^11^12^9 -^14+^10^8 *1B 

C4C4 ®4 ®'i=0A h h-8l $7 ^ h -^13^13^13^13+ Ml A A* 
CflCl ®5 ©'4=^0^1 ^5 3-4+^5 4 £ Si +0AVll+ VlA*»]5 
CA ©6 ©'4=^103 S 6 £4- 05 07 S S 3 ~0 13 1B S 8 £ 1O + 9 U S 13 S 14 
C C 3 ® 7 ®' 4 = O 3 ^ 7 ^ 4 +0 7 4 & & s +018014^0 S lo + 9 0i O S 13 ^ 14 
C Cl2©8 ©'4= 00012^8 S 4 -0 a 14 S 6 ^ 1O +0 5 09 S X S 13 -0 7 ^ n 5- 3 ^ ls 

c^^Qg @' i z=0 1 $ i;i 9- 9 ^ 4 +0 8 5 \ ^ 1S — 3 14 5- 6 -9-11—07 0ioS 2 S 15 
c 6 c 8 ® 1O ©' 4 =0 6 8 S 1O ^ 4 +0 1O ^ 4 * 6 ^ 8 +0 5 r A 7 S 9 +0 7 9 ^ 5 £ n 

C( ,C 9 e u ©' 4 =^ 9 ^iA + ^ 4 0ii^ 6 5-9 +0 5 01 O S 7 5 8 +0 7 8 5 5 ^lo 

c c 8 ® 13 ®' 4 — O 8 3-13-9-4— 01305 Si 5-9 — 0j 1O S 6 -9 14 +0 7 15 -9 n 5 3 
c c 9 e 18 ©' 4 =^9 ■*i8 5 '4+^ 0isS o S 9 — 7 6> 14 9 3 -9 10 — 3 1O 3 7 3 14 

C 3 C 9 ©14©'4=0309 S 14 3 4 +^ 4 0iA -9g — 7 13 \ 3 1O -0 O 0i O S 7 3 13 
%C9 ©15©'4-0209 S 15 ^ 4 +0 7 0i A S lo + 14 5 £3 £ 8 +0 O u -9 6 % 3 
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45. Sixth Set, with e'„ 

Cl c 4 o ©' B =0A*o «6-MM -^Ui^+^iMA 

C a Cg © x ©' 5 =0 2 0g ^ * 6 -^ ^A -01.AA ^13 + ^9 ^*A 
<¥>6 ©2 ©' 6 = ^^ *2 *5~0 2 5 *1*6 -^10^9 *14 + 9 014*10*13 
C 0°6 ®3 ® 5~^(A ^3 ^"5 """^3 ^(A ~~ ^11^13^8 ^14+^8 ^14^11^13 

c c x e 4 e' 6 =^ 1 ^ %-0 4 5 Vi -"iMAi+ViAA 
c c © 5 ©'5=^0^0 * 5 * 5 -0 5 Wo -M1AA1+V1AA1 

C 1 C 2 ©6 © 5= ^1^2 *6 *5~ 06 05*1*2 ~ 013014*9 *lO+09 010*13*14 
C C 2 ©7 ®5 == ^0^2'^7 *5 ^7 05*0*2 — ^13^15^"8 *lO + 08 010*13*15 
<Vl8®8 ©'s^AA ^5-^8 Wl2-0 8 ^A ^10 + ^7 Vs *14 
C C 12®9 ® 5 == ^0^12^9 ^5"~"^9 ^5^0^"12"~"^2 ^14^7 ^11 + ^7 ^11^2 ^"14 
C 6 C 9 ®10® 5 == ^6^9 ^"10^"5 ^10^5^"6^"9 ^2 ^13^1 ^"14 + ^1 ^14^2 ^"13 
C 6 C 8 e u e' B =^ 8 ^A-MsU ~^7 ^9 *4 *lO + 04 010*7 *9 
Cl C 8 ©^=0^ ^A-Ms-Vs ~^3 010*7 *14 + 07 M 3 *10 
C C 8 ©is®^^ ^-WA -^6 014*3 *ll + 3 011*6 *14 
<^ 8 e i4 8' 6 =0 8 8 ^A-M 6 V8 -^7 012*1*10+01 *lA *13 
<% © ]5 ©' s =0 2 8 ^-^M -0 7 0,A £ 1O + O 1O S 7 ^ 8 

4G. Seventh Set, with. ©' 6 . 

^15©0 ©'6=09016*0 -V-01 07 *8*14-0130lA *2 + 3 6 *10*12 
<Vs ©! ©' 6 =0 4 8 % \ + 2 5 V 7 -011012*9 *14~ 013010*8 *15 
<W 4 ©2 ©' 6 =0 O 04 *2 *6+01 05 *3*7 +01 O 014*8 *12+011015*9 *13 
C A © 3 @' 6 =0A ^3 £g + o 5 ^7 +011014*9 *12+01 O 015*8 *13 
Cl C 3 © 4 ©^=0^ £ 4 %-0 5 7 V, +0 18 0!A ^xo-09 011*12*14 
Cl C 3 ® 5 ©' 6 =0A *5 *6 + 05 06 *1*2 -09010*13 *14-0l 8 014*9 *10 

c 6 c 6 © 6 © 6 =^ 6 6' 6 $ B 3-g S 5 3- & 3- 5 + 0i 8 0iA A 8 0i40iA**i4 

C oCl © 7 #8=000! £ 7 ^g+0 7 0g Vl +010011*12*13 + 012018*10*11 
C 2 C 12®8 ®'6 = 02012* 8 *6 + 07 09 *3*13 _ 00 014*4 *10 _ @5 011*1 *15 
C C 15®9 ®'6 = 00015*9 *6 — 05 010*3*12+02 013*4 *11 _ 08 07 *1 *14 
^12©10®'6= 00012*10*6 + 01006 *O*12 + 01 013*7 *ll + 7 ^1*1 *12 
C 9 C 4 © n ©' 6 =0 9 4 £ n *6 + 01106 *A +07 010*5 *8 +05 08 *7 *10 
C.C, © 12 ©'g=0 2 8 ^A-01307 *3*9 -00 010*4*14+05 015*1 *11 
C 3 C 8 ®13® 6 == ^3^8 ^"13^6+^13^6 ^3^8 "~ ^14^5 ^"0 ^11 """^O ^11^5 ^14 
C C 8 © M ®g=0o0 8 ^A + 14 0g V 8 -05 013*3 *ll-03 011*5 *13 

C(A> ©15©' 6 =0O09 *15*6 + 07 014^1* 8 +04 013% *11+ 3 010*5 *12 
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47. Eighth Set, with @' 7 . 

OjCg ® e^fl^e 5- £ 7 — <? 07*A ~ 0ii0i2*io*i3+0io0i3*n*i2 
C C 6 ®! ®' n =9A *1 *7~0J #7*0*6 -0io#i2*ii*i3+0ii0i3*io*i2 
Cl c 4 8 0' 7 =^ 4 * a ^-^ #A*4 -^8 0i3*n*i4+ ViA *13 

Wi ®3 ®'l=6A *3 ^7-^3 07*0*4 -^9 013*10*14+010014*9 *13 
C C 3 @ 4 &' 1 =6 6 s & 4 S-j—04, #A*3 — 9 #10*13*14+ #13^14*9 *10 
C C 2 © 5 0' 7 =0 o a h ^-6 h ^V 3 —#8 ^lO-VlB + MlB^S *10 
C^ © ®' rl =e (i d l \ 3- 7 — a dftffii — #13013*10*11+ ^lO^ll^l As 

c 3 c 2 © 7 e' 7 =0A A, £ 7 -0 7 ^A - Vi Mi +^n0i A A* 

C S C 12 © 8 @' 7 =^ 3 ^A *7~0 8 07^13-^1 ^lM + #5 Ml *14 
<>3PuP»*\= e 2 e iip9 ^~ 9 ^A-^0 ^lM + <?5 #1 A *14 
<V 9 1O 0' 7 =^ 9 AfA-^loWg -^5 08*6 ^11 + 06 #11*5 *8 
C C 12 @ 11®'7 = 00013^1 A - 01107Vb — 01 013*6 *10 + #6 0.10*1 *13 
C a C 9 ® n ®\=6 2 dg ^A — AlA^A — 0O 011*5 ^14+05 014*0 *11 
<% 13 ® / 7=^8 ^13%-013^A -^5 015*0 *10+#0 010*5 *15 
«0 C 9 014 0/ 7 = 0O09 *14*7~ ^lA^A —05 01 A All + 0> 01 A *13 
C C 8 16 ©' 7 =^8 ^15^7 — 015^7^8 —05 013^2^10 + 03 010^5 *13 

48. Ninth Set, with 0' 8 . 

CiP^O ©'8=^013^0 ^8+^5 #13*9*1 +0 6 014*3*10+07 015*3 *11 

C Cg © x ©' 8 = ^ O 09 *1 *8 + #3 010^11 + 04 013*5*13 + #7 ^lA *15 

C 3 C 9 ©/©' 8 =0 3 9 *3 *8 + <Vl VlO-07 #13*0*12-05 015*4*14 

C 2 C 9 ® 3 @' 8 = 6>A £3 &3 + # 0n^Ao + 07 013^13 + 05 014*4 *15 

^SfWA+^S 014^10-05 09 *A 3 -07 #11*3*15 

OlC 1S B ® / 8=01012*5 *8+0 5 08 *l*13+#3 #14*7*10 + #7 010*3 *14 

C 3 C 13®6 ®'8=#3#12*6 *8~ #7 09 *3*13+#0 #lAAo _ #5 #11*1 *15 

C 3 Cia©7 ®' 8 = 3 013*7 *8+#7 08 *3*13+01 #14*5*10+ #5 #10*1 *14 

C $ C 8 © 8 ©' 8 =# 8 #8 & 8 ^ + 05 05 *5*5 ~ #7 6 n *7*7 ~ #10#10*10*10 

Vl ©9 ©' 8 =# #1 *9 *8~ 010^11*3*3 -014015*6*7 + #4 #5 *13*13 

C C 3 ©10©' 8 = 0003*10*8+ #1008 *0*3 +013015*5*7 +05 07*13*15 

C C 3 © 1 i©' 8 =# # 3 £ n *8 + #ll#8 *0*3 + #13#14*5*6 +0 5 06*13*14 

C Q C 4 © 1S ®' 8 =^4, *13*8~ #10#14*3*6 +011015*3*7 ~#1 05 *9 *13 

Cl 4 © 1S ©' 8 =^^ ^3^8+^1308 *1*4 -011^14*7*2 ~#3#7 *H*14 

C C 6 © 14 ©' 8 = # # 6 *lA + #14#8*0*6 -011^13*3*5 -0 8 05*11*13 

«3C 4 ©lB© / 8= #3#4*15*8 + 010013* 1*6 +MlM + #0#7*11*13 



PARTICULARLY THOSE OF TWO VARIABLES. 
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49. Tenth Set— with ©'„. 



^15® ®V 

c c 8 ®1 ®V 
C 3 C 8 @ a 0' 9 : 

c a c 8 e 3 ©V 

<Via®4 ®V 

c c 18 e 6 @' 9 = 

C Cl5©6 ©'9 = 

^ 12 ©7 '9 = 
C Ci ©8 ®'9 = 
C9C9 ©9 ®'9 = 
C(A®10®'9 = 

^3 ©n©'9= 

C 9 C 12®12®' 9 = 
C(A ®13®'9 = 
C3C4 ®14®'9 = 
C C 6 ©15® ' 9 = 



"e^is^o ^9 ^14^7 ^8 ^1 "z ^11^4 ^13+^3 ^io^iz^s 

0(A ^1 ^9+^2 ^10^3 ^11+^5 ^13^4 ^13 "T" ^7 ^15^6 ^14 
"%V% &% 'S'g + C'o "llT 1 ^10 ^6 ^13^7 ^12 "& "li&'k "^15 
C'jPg #3 ^9 + ^0 ^10^1 ^llH~^7 ^13^6 ^12+^4 ^14^5 ^15 
"l"lS,^4. &9 ^8 "5 ^0 ^"13 H~" ^3 ^14^6 ^11 — ^7 ^10^3 ^13 
:0 O 12 & 6 & 9 + 5 9 & ^12.+ ^ #lA ^11 + #7 ^lA ^14 

: ^Ao^6 ^9 ^5 ^10^3 ^12 ~ ^3 ^13^4 ^11 + ^7 ^8 ^"1 ^14 

: ^nh ^9 + #7 ^9 ^a ^12+^0 ^14^5 ^ll + #5 ^lA #14 

; ^A ^"8 ^9 ^10^11^2 ^3 4" ^14^15^6 ^7 ~^4 ^5 ^12^13 

'^9^9 ^9 ^9 ^10^10^10^10 013^13^13^13+ "l4^14*''14'^14 

U U 3 ■9'io'9'9+C'l0^9 ^0 ^"3 ^13^14^4 ^7 ^4 "7 ^13^14 

^0^2 ^11^9 + ^11^9 ^0 ^2 +^13^14^5 ^7 + ^5 "l ^12^14 

^9^13^13^"9 + ^0 ^5 ^0 ^5 ^2 ^7 ^2 ^7 ^11^14^11^"14 

^0^4 ^13^9+^13^9 ^"0 ^4 ^11^15^6 ^"2 ^2 ^6 ^11^15 

"3 "4 ^14^9 + "l4^9 ^3 ^4 ' 

OA V>9 + VlA ^4 +^8 Ml ^7 +#3 #5 V>12 



^10^13^0 ^7 



U Uq ^10^13 



50. Eleventh Set — with 0' in . 



10* 



^2 ^8 ^"0 ^"10 ' 



U t/10^2 ^"8 



H ^8 ©0 ®'l0 : 

c 3 c 8 © x e' lo =0 3 8 ^ £ 10 -#i #kA ^s - 



C C 8 ©2 ©V 



u u 8 5- 2 r9- 10 



tf 2 ^ 10 r9- rjg 



Ci C 8 ©3 © / 10 =^1 ^8 ^3 ^10-^3 Vl ^8 - 



^6 ^8 ©4 ® / 10 : 
^6 C 9 ©5 ®'l0 ; 



^6 ^8 ^"4 ^"10 ' 
^6 ^9 ^"5 ^"10' 



C C 13 © 6 ©'xo— -^ ^ 12 ^ 6 ^"10 



#4 C7 g ^ 5- 1Q ' 

^0 ^2 ^"8 ^"10' 
^0 ^3 ^"9 ^"10 



c 4 c 9 © 7 ©V 

C ^2 ©8 ® 7 10 : 
C C 3 © 9 © , 10 : 

C 9 ^^©^©'lO 1 
^3 ^ ©IS©^ 1 



Cc\ C^ ©i ,i,© in — Uq U^ ^"14^10 ' 



#4 C7 10 ^"6 ^"8 ' 
^5 ^10^"6 ^"9 ' 

•U 6 v l0 S- 3- l2 ' 

'fy ^10^"4 ^"9 ' 

' ^8 ^10^"0 ^"2 ' 
■C7 g UiqS-q ^3 ' 

'^10^10^"15^"15' 



^15^15^"10^"10' 



^9 ^15^"12^"10' 
^3 ^4 ^"13^10 



'0 ^4 w 14 w 10 

«l ^ ®15 e/ 10 
MDCCCLXXXII. 



^12^1Cr 9 ^"15 

^13^10^"3 ^"4 

'^14^10^"0 ^"4 

V\ ^4 ^"15^10 ^15^10^"1 ^"4 

5 p 



5 U ro S- 7 & 13 +#7 ^13^5 ^"15 
^5 ^14^"7 ^12+^7 ^12^"5 ^"14 
^7 ^15^"5 ^"13+^5 ^13^"7 ^"15 
^7 ^14^"5 ^"12 I ^5 ^12^7 ^"14 
U 7 U 9 r9- 5 5- n + ^5 ^11^7 ^"9 
^1 ^14^7 ^"13 "T ^2 ^13^1 ^"14 
u l ^ 13 5- 7 ^n+^7 ^ll^l &13 
^6 ^11^5 ^"8 +^5 ^8 ^"6 ^"11 
^13^15^5 ^"7 + ^5 ^7 ^"13^15 
^13^1 A ^"7 "T" ^4 ^7 ^"13^"14 

^6 ^7 ^1 A3 "T ^12^13^6. ^"7 
^11^13^"8 ^"14 + ^8 ^lAA3 
^11^12^2 ^5 +^2 ^5 ^"11^12 
^9 ^13^"3 ^"7 H" ^3 ^7 ^"9 ^"13 
^11^1 A ^"5 +^0 ^6 ^"11^"14 
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51. Twelfth Set, with @' n . 



c s c 8 ®o® , ir 



C7 3 C7 8 5- 3- n 



"q ^11^3^"8 



c,p 9 ©! / u=^ 9 *! ^11-^1 Ms*9 - 



<>0 C 8 ®3 @/ ll : 

W* ®4 ®'ii : 



^0^9 ^"2 ^11 



"% "ll^0^"9 



Uftt/Q rJ-q. rTl 1 — "g ^ H^O 8 



l/g ^rg ^r xl 



C 6 C 8 ©b® / 11=^8'*6 5 11' 



^9 ®6 ®'n : 



"4P9 ^"6 ^"11 



^4 ^11^6^9 
^6 ^II^mA) 



C C 12®7 ® 11 "- ^0^12^7 ^11 ""^7 ^11^"0^"12 — 



^o c 3®8 @/ ir 



^0^3 ^"8 ^11 



CnCa ©q ©'n = #(A ^9 &11 



'0^2 ^9 w 11 

OqC! © 10 ©'ir 
c^ ©n^n: 

^6®ia®n : 

C 06©18® / 11 : 

<V> 4 ©i4©'ir 

^^'ir 



"(A *Wll" 

^1^1 ^lirn' 
^r 6 ^"12^11 

^T6 ^"13^"ll 



'^8 ^11^"0^3 
^9 ^llAr"2 
' ^lO^ll^V*"! 
"^11^11^" A 
" ^12^11^1^6 
■^13^11^"0^6 



"l"* ^"14^11 "l^ll^A 
#0^4 -9"15^11' 



^15^11^"0^"4 



^7 ^13^5 ^"15 + ^5 ^15^7 ^"13 

5 u-y&rj & 14l +0 7 u l4t 3- B 3- n 

@6 ^14^5 ^13+^5 ^13^6 ^"14 
Uq U s S- 5 #10 + ^5 ^10^"7 ^8 
ftfe ^10^7 ^9 + ^7 ^9 ^"4 ^10 

5 s S- 7 S- 1Q +0 7 lo 3- B 3- 8 

^6 ^lCTl ^1.3 + ^1 ^13^6 ^"10 
^5 ^6 ^13^14+ ^13^14^5 ^"6 
^12^14^5 ^7 + ^5 ^7 ^12^14 
^12^13^6 ^"7 + ^6 ^7 ^"12^13 
^13^13^7 ^"7 "I" ^7 ^7 ^"13^"13 

#o Mio^ + ^io^oA 

^10^12^1 ^7 1 "l ^7 ^"10^"12 
^0 ^5 ^10^15 + ^10^15^0 ^"5 

1( AA £5 +o x e. ^ u 



52. Thirteenth Set, with ©' 



12- 



C* C 8 ©0 ©' 12 =^ #8 ^0 ^12+#1 #13^5 ^9 ~^ Mi ^4" #7 M 8 -»lo 



C 4 C 9 ©! ®' 12 = 

c 6 c 8 © 2 ® / i a = 

C C 15 ©3 ©'13= 

c c 8 © 4 ®' 12 = 
c x c 8 © 5 ©' 12 = 

C a C 8 ©6 ©V 

c 2 c 9 © 7 ©' 13 = 

C C 4 © 8 ©^2= 

C 9 %© 9 ®'u= 
C 9 C 15 ©io©'l 3 = 

Cl3 C ia©13 @ 'l2 = 

c 8 c 9 ® ls e' ia = 

C C 3 ®15®'l2 r 



^ 8* ^ &n+h 61& ^9 +^0 ^ A ^0 + ^6 ^lA ^6 
^0 ^15^3 ^"12 ^5 ^10^"6 ^"9 H~ ^4 ^11^7 ^"8 ^6 ^lA ^"13 
U V s r9- 4 5- 1 £— # 13 # 5 ^ r9- g — C? 7 ^15^"3 ^"11 + ^2 ^10^"6 ^"14 
U 1 U 8 3- 5 ^12 + ^5 ^12^1 ^8 H~^14^7 ^"3 ^"10 + ^3 ^10^"7 ^"14 
U 2 U 8 3-q ^is"— ^13^7 ^3 S-q U 5 ^1^1 ^ii + ^o ^10^"4 ^"14 

2 9 ^ 7 S- 12 ~\-0 7 n 8- 2 S- 9 +0 5 l4j 3- o S- u -\-9 Oii&s &i4 

"o ^4 ^8 ^12 T 0\ V§ 3-q $-13— ^10^14^2 ^"6 "~" ^11^15^"3 ^7 

-C7 3 C7 7 5- 3 5- 7 "*" ^11^14^11^"] 
^9 ^15^10^12+^10^12^9 ^"15 ""^8 ^14^11^13"" ^11^13^8 ^"14 
1 6 ^11^12+^1^2^ 5 6 +^io^i3\ #7 +^0 ^7 ^10^13 
^12^12^12^12 ~" ^10^10^10^10+ ^11^11^11^11"" ^13^13^13^13 
^8 ^9 ^13^12 + ^13^12^8 ^9 "" ^H^lB^lO^ll "" ^10^11^14^15 
00 0, ^2 + WA ^2 ~^7 ^5 ^9 *11- ^9 Ms ^7 
#0 #3 ^15^12 + ^13^1 ^2 +^8 ^lA ^ +^5 ^6 ^9 ^10 



^9 ^12^9 ^"12 + ^0 ^5 ^"0 ^"5 "~ l/ 2 v 7 ^"2 n/ 7 "~ u 11 v 14^11^14 



PARTICULARLY THOSE OF TWO VARIABLES. 
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53. Fourteenth Set, with ®' 18 . 



Vl2®l ®'l3 ; 



C 3 C 12®2 ® 13*— ^S^lf^'S ^13 



^0^12^1 ^"13 

UoW-\QrJ~C) rj"- 



<V>12®3 ®'l3 ; 

<W) ®4 ©W 
^8 ®5 ®'l3 : 



^12^3 ^"13 



^0 ^13^1^12' 
^1 ^13^0^12' 
^2 ^13^3^12' 
^3 ^13^2^12" 



^CT8 ^5 ^"13 ^5 ^13^0 ^8~~ 



C 3 C 8 ®6 ®'i 3 =&>#« 5- R 5-i q — 



c 2 c 8 © 7 ©' 13 



o- 8 ^6 ^13 



^6 ^13^3 ^8 
Vrf C7 13 ^2 ^8 



2 l/g ^ r^ 13 

C& © 8 ©^3 = ^ £ g 5 13 -^ 8 ^5-! S- 4 — 



<^4 ®9 ®'l3 ; 



^0^4 ^9 ^"13 



c 3 c 4 ®io® , i8=^4*i(y*i3— 



c c 6 © n ©' 13 : 



"(T6 ^"11^13 



C Q C Q 0io@ / iq = ^9 ^12^13 



'8^9 w 12^ 13 

C 8 C 8 © 13 ©' 13 : 

<^3 ®14®'l3 : 



^8^8 ^13^13 
^T3 ^"14^13' 



Co C 2®16®U = 0(AVl3 



^9 ^13^0 ^"4" 
^10^13^3 ^4" 
^11^13^0 'V 
^12^13^8 *V 
^13^13^8 ^"8" 
"l4^13*M) ^"3" 
^15^13^0 'V 



^7 ^10^6 ^11 + ^6 ^11^7 ^"10 
C7 7 V u 3-q 5 10 +#6 ^10^7 ^"11 
^5 ^10^4^11 + ^4 ^11^"5 ^"10 
^5 ^11^"4 ^10+^4 ^10^"5 ^11 
U>j U u 3-% 5 10 + #3 ^10^7 ^"14 
^3 ^11^"6 ^14+ ^6 ^14^3 ^11 
^5 V14&0 ^11 + ^0 ^11^6 ^"14 
U C7 10 5- 5 #15 + #5 ^15^0 ^"10 

^11^14^2 ^7 + ^2 ^7^11 ^"14 
^2 ^6 ^"11^15 + ^11^15^2 ^"6 
^2 ^5 ^11^12+^11^12^2 ^5 
U x ^7 5-10^12+^10^12^1 ^7 
^10^11^14^15+ ^14^15^10^11 
#14^14^11^11 + ^ii^ii'9-14'9-14 
#4 #7 ^9 ^10 + #9 ^10^4 ^7 
$5 ^7 ^8 ^10+^8 ^10^5 ^7 



54. Fifteenth Sat, with © / 14 . 



C 2 C 12©0 ® 14—^2^12^0 ^14 *~" 



C %®2 ®'l4 : 
C 4 C 9 ©3 ®'l4 : 
^9 ®4 ®'l4 : 
<^ 8 ©5 ®'l4 : 



#0^12^2 ^14' 

C7 4 C7 g 5- 3 5- 14 - 



^0 ^14^2^12" 
^1 ^14^"0^"15 
C7 3 #i4/$cri2' 
C7 3 " 14 5- 4 5- 9 



C7 3 c7 g 5- 4 S- 14s C7 4 c7 14i 5- 3 5- 9 — 



C7 3 C7 8 5- 5 5- 14 



c c 8 © 6 © / M — O S S-q S- l4s ' 



C C 9 © 7 @' M : 



C7 C7 9 5- 7 5- M > 



C C 6 ®8 ® 14—^0^6 ^"8 ^14 ' 



C3C4 ©9 ©'m 1 
¥4 ©lO®'^ 



^3^4 ^"9 ^"14' 
C7 ^4 ^"10^14' 



ClC4©ll©'l4=#lMlA4- 



W% ©12® , 14 : 
^3 ®13® / 14 : 
C4P4 ®14®'l4 : 
C C! © 15 ® / 14 : 



C7 Q C7 2 ^2^14" 
; ^0^3 ^"13^14 " 

^4^4 ^"14^14 " 
'^0^1 ^15^"14" 



^ 5 ^14^"3^8 
^6 ^14^CT8 

Uq C7 14 5- 5-g 
C7g C7 14 5 5- 6 

#9 ^i45- 3 5- 4 

' ^10^14^0^"4 
'^11^14^1^4 
' ^12^14^0^2 
" ^13^14^0^3 

5 p 2 



^5 ^11^7^9 + ^7^9 ^"5 ^"11 
^5 ^10^4^11 + ^4^11^5 ^"10 

^7 ^10^0^13+ ^0^13^7 ^"10 
^7 ^13^0^10+^0^10^7 ^"13 
^1 ^10^7^"12+ "l"\9r\ ^"10 
^5 ^13^3^11 + ^3^11^5 ^"13 

^H^l 3 5- 8 5- 5 +# 3 # 5 5- xl 5- 13 
^10^13^0^7 + ^0^7 ^10^13 

C7 3 c? 7 5 9 5- 13 +c7 9 c7 13 5- 3 3-q 

^10^15^"0^"5 +^0^5 ^"10^15 
^5 #7 Vhl+^lA *7 
^9 ^10^"4^7 + ^4^7 ^"9 ^"10 
^13^13^7^7 +^767 ^13^"13 
^lO^ll^^B +^4^5 ^"lO^ll 



842- 



MB. A. E. FORSYTH ON THE THETA-FUNCTIONS, 



55. Sixteenth Set, with @' 15 . 



Ofl C 9 ©0 © 15 



C 6 C 8 fc^ W 18 = 



c i c ia w a ^ 15 : 



C C 12 W 3 » 15 



% Cg » 4 W 15 : 



C 3 C 8 W 6 W : 



CO C 9 W a W 15 : 



c c 8 © 7 ©' 15 



o 



c s c 4 8 © / 16 =^ ; 

c c 6 @ 9 © / 15 = 



"l «4 « 10 W 15 : 



^0 L 4 ^IV^ 15 



CoO S -©l2® , lS : 
C C a ©13® 15 : 



M 8 *i*i5+MiA*i2 

0*09*4*15+05 014*3*8 
^^8*5*15 + ^^15*2*8 
^0^9*0*15 + ^7^*1*8 

^*8 ^15 + ^13*1*6 
^0^*9*15+^llM 3 *4 
^I^*10*15 + Ml5*l*4 
^*ll*15 + 0iA5*O* 4 
00 03*12*15+013014*1*2 
$0 $2 ^13^15+^13^15^0 ^"2 



^4 ^11^2 ^"13" 

' ^0 ^14^7 ^9 " 

^6 6+1^5 ^8 * 

^5 $9 ^10^6 " 

'^7 ^12^1 ^"10" 

' $7 $18^0 ^10 ' 



u 7 S S-i 3- u 

^3 #13^4 ^10 
^0 $13^3 ^14 

'^2 ^14^1 ^13 
'^0 ^11^6 ^13 
' ^0 ^10^7 ^13 



^4 ^13^2 ~\L1 "% ^in^ *n<?. 



' $5 $13^2 ^10 
^9 ^14^2 ^"5 
^8 ^14^1 ^7 ' 
^ll^wA) ^5 ' 
010014*1*5- 
' ^8 ^11^7 ^4 

u h v 7 3- s 3- l0 ' 



3 ^10^5 ^12 
^2 ^10^"5 ^13 
^0 ^7 ^11^12 



3 ^5 ^"10^12 



^0 ^5 ^"11^14 
"l ^5 ^"10^14 
^5 ^6 ^"9 ^10 
$8 $10^5 ^7 



C C l ^14^ 15 



C 15 C 15®15® lo^ $15^15^15^15 + ^10^10^10^10 



^14^14^*14^1 



10^11^4 ^5 

^n^iArai 



4 



56. Any one equation giving cc®,.®'* where r ? n are different, also gives cc% n % f r by 
changing the sign of £ tj : thus from 



C a C 3 © 1 / o = Wl*0+WA - Mil V 9 ~ Mis Vi; 



13 



there follows in this manner 



^©o^l = ^Vl - #fMA - $10$11 V"9 + Ml5 VlS* 



In addition to the equations given in formulae (205), (206), (207), the following 
include most of those used in order to obtain the above sixteen sets in the form in 
which they are presented. 
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2 S 5- 1 5-q + # 8 Q S- 10 3- U ^=u l S-% $3 +^10^11^8 &■ 

0^ V h S-q 3- 7 4~#14^15^"12^"13 : 

"l ^3 ^"2 ^"0 "T ^4 ^6 ^"5 ^"7 : 

^13^15^"lS^"14"r^8 ^10^9 ^"11 : 
l 0% $ 3 $ +^!3^i4'9-i2^i5 : 

^4 ^7 ^"5 ^"6 4" ^8 ^11^"9 ^10 : 

^8 ^12^"4 ^"0 I ^10^14^2 ^"6 : 
^9 ^13^1 ^"5 +^11^15^"7 ^"3 : 
#4 #12^8 ^0 4~#5 ^13^1 ^9 : 
^2 ^l(r"6 ^"14+^11^3 ^"7 ^"15 : 
^4 ^8 ^12^0 4~"#15^3 ^"7 ^"11 : 
^1(T6 ^2 ^"14+^5 ^9 ^"1 ^13 : 

^9 ^15^6 ^0 4~#4 ^2 ^lA3 : 
^3 ^5 ^"10^"12+ "8 ^14^1 ^"7 : 
^6 ^15^9 ^"0 I" ^8 "l ^14^7 : 
^2 ^1 A ^"13 "H ^5 ^12^3 ^10 : 
^6 ^9 ^15^0 4~"#5 ^10^3 ^12 : 
^8 ^7 ^"1 ^"14 "T ^4 ^11^"2 ^13 : 

U l U 9 S- 5-g +^4 ^12^5 ^"13 : 
^11^3 ^"2 ^"10 i Vq U l4i 3-q 5- 15 : 

#]_ # 8 5-q 5- 9 + Uq # 15 3- 7 3- l4s ' 

^11^2 ^3 ^10+^5 ^12^4 ^"13 : 
% Q S-q 5- x + ^10^11^2 ^"3 : 

^12^13^4 ^"5 "l ^14^15^"6 ^"7 : 

^0 ^12^"14^"2 4" #3 ^15^13^1 : 
^0 ^2 ^"14^12+ ^3 ^1 ^13^15 : 
^2 ^12^14^0 +^15^1 ^3 ^13 : 

^0 ^6 ^"7 ^1 +011^13^1O^"12 : 
6 U l fy 3-q +^io^H^12'9"13 : 
U l Uq 3- 7 3- +0]O^13^"12^"U : 



9 



^ 



'Uq Uri 5- 4 5- 5 4^12^13^14^15 
#5 ^7 ^4 ^6 +^0 ^2 ^1 ^3 

: 012^14^13^15 « ^9 ^11^8 ^"10 
<7 6/3 5- x $ 2 +^12^15'9-13'9-14 

^5 ^6 ^"4 ^"7 4" ^9 ^KT 8 ^"11 



^0 ^4 ^"8 ^"12"T^2 ^6 ^"10^14 
■0 l U h S-q 5- 13 + ^7 ^3 ^11^16 

^0 ^8 ^"4 ^"12+ ^1 ^9 ^"5 ^"13 
^6 ^14^2 ^"10 T ^7 ^15^3 ^"11 
^0 ^12^"4 ^"8 \ ^7 ^11^3 ^"15 
^1 ^13^5 ^"9 + ^2 ^14^6 ^10 

O 0q 3-q ^is+^ii^is^ ^4 

1 0^ \ ^14+^1O012^3 ^5 
^14^7 ^"1 ^"8 T 09 ^0 ^"6 ^"15 
^3 010^5 ^"12 + ^4 ^13^2^11 
^0 ^15^6 ^"9 "f" ^3 ^12^5 ^"10 
^2 ^13^"4 ^"11 4" ^1 ^14^"7 ^8 



y . . . (208) 



_^ 



**\ 



^0 ^8 ^"1 ^"9 ~\~ ^5 ^13^4 ^"12 
^2 ^10^3 ^"11 4" ^7 ^15^6 ^"14 
^0 ^9 ^"1 ^"8 4" ^7 ^14^"6 ^"15 
^3 ^10^2 ^"11 4** #4 ^13^5 ^"12 
^0 ^1 ^"8 ^"9 4"^2 ^3 ^lcAl 
^4 ^5 ^"12^"134"^6 ^7 ^"14^"15 

^4 ^8 ^"6 ^"lo4~^11^7 ^5 ^"9 
^4 ^6 ^8 ^lo4"^5 ^7 ^9 ^11 
^6 ^8 ^4 ^"10 4" ^5 ^lr^Y ^"9 



V 



> 



@9 ^15^8 ^14+ ^2 ^4 ^3 ^5 
^8-^9 ^14^15+ "2 "3 ^4 ^5 ^ 
^8 ^15^9 ^14 T "4 "5 ^2 ^5 - 



. (209) 



(210) 



(211) 



(212) 



(213) 
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^0 ^3 ^"lA + ^13^14^5 ^"6 : 
^3 ^8 ^1 A + ^5 ^14^13^6 : 
^0 ^8 ^lA + $5 ^13^6 ^14 : 



^13^15^4 ^7 + ^1 ^2 ^0 ^"10 
^4 ^12^7 ^15 + ^1 @9 &5 &10 . 



(214) 



^0 ^8 ^1(A + ^5 ^13^7 ^15 = ^4 ^lA ^14 + ^1 ^9 ^3 ^"11 
^2 ^8 &1(A + ^7 #13^5 ^"15 == ^6 ^12^4 ^14+^3 ^9 ^1 &11 
^0 ^2 ^1<A + ^5 ^7 ^13^15 == ^4 ^6 ^12^14+^1 ^3 ^9 ^1.1 



(215) 



2 6 3- 6 ^ + 6> 8 0ia&n&i5=01(AA ^13 + #0 #4 ^3 ^7 
6 X Q a* ^ +9 8 tf 16 5 11 * 12 =Ml8*9 ^14+^3 *4 ^0 ^7 ► 
^1 ^2 ^5 ^6 + ^12^15^1 A = ^13^14^9 ^10+^0 ^3 ^4 ^7 ^ 



(216) 



^4 ^6 ^1 ^3 + ^5 ^7 ^0 ^2 = 
^9 #11^12^14+^8 ^10^13^15 - 
U s V^&y 9-q -TVg #15^10^13 = 

#2 #5 ^"0 ^"7 +^9 #14^1 A2 = 
#3 #6 ^1 ^"4 + #9 ^lAA^ 

0% n 3- Q 3- 5 + # 8 v 13 ^ 15 3- 10 = 



#1 #3 ^"4 ^"6 + #0 #2 ^"5 ^"7 
^AA ^"11+^13^15^8 ^10 
#1 #6 ^"4 ^"3 + "l(ri3^"8 ^"15 
O 7 & 2 5- 5 + #]AA ^"14 

#1 #4 ^3 \ + ^11^14^9 ^12 
O 0, S 2 Sy + ^10^15^8 ^"13 



^ 



(217) 



#0 #3 ^15^13 + ^13^1 A ^2 
#3 #12^15^0 + #5 "l(A ^"6 
#0 0^15^3 +#lA ^A 
#2 ^lA ^13+^9 #5 ^1(A : 
#lA ^"7 ^8 +^13^2 ^"1 ^"14 : 
#8 #lA ^7 +^5 ^6 ^"9 ^10 : 



^15^12^0 ^"3 +^1 ^2 ^13^14 
^15^0 ^"3 ^"12+^9 ^6 ^5 ^"10 
^4 ^8^1 A +^15^3 ^0 ^12 
^1 ^13^2 ^"14+^6 ^1(A ^"5 
^7 ^8 ^"4 ^11+^1 ^14^2 ^13 
4 ^7 ^"8 ^"11 + ^9 ^10^"5 ^"6 



r 



(218) 



^9 ^4 ^"lA +^2 ^15^5 ^"8 —0\ 012&Q ^"11 + ^7 ^1(A ^"13 
6>g 6^ ^ 14 ^ 9 H-6> 8 ^ 15 ^ 5 5- 3 =9 X 6 ^la^ii + ^10^13-*0 *7 



(219) 



and others, as follow, wliicb. do not admit of being arranged symmetrically, the equa- 
tions necessary to complete systems such as (218) or (219) not having been used ; 
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U-fi^ S- 3- B + ^l^ll^lO^lS zzz: ^3 ^6 ^"2 ^"7 • ^9 ^12^8 ^"13 
U^q S-4 $ 5 + #10^11^14^15 ^^ #2 ^6 ^"7 + ^8 #9 ^12^13 
^12^13^0 +^2 ^15^14^3 = ^4 ^9 ^8 ^5 + ^1(A ^6 ^11 
#CT 12^13^1 "T^3 #15^14^2 == ^4 #8 ^"5 ^"9 + #11^7 ^6 ^10 
^3^8 ^1(A + ^4 ^15^13^6 = ^2 ^9 ^0 ^"11 + ^5 ^14^12^7 
#1^8 ^"10^3 +^6 #15^13^4 = #0 #9 ^2 ^11 + #7 #14^12^5 
#Cri5^14^1 + #3 #12^2 ^13 = #6 #9 ^8 ^7 "^"^5 ^10^4 ^11 
6 l Vl5+^2 ^3 ' 9 -12' 9 -13=^8 #9 ^6 ^7 H^ltAA ^5 
#CT9 ^11^2 1^7 #14^12^5 = "\ "s ^"3 ^"10+^6 #15^4 ^13 
#0^2 ^lA H"^7 #5 ^12^14 = #1 #3 ^"8 ^10+^6 #4 ^15^13 
UqV^S-z & 7 + ^10^14^9 ^13 = ^8 ^12^"ll^"15 + ^2 ^6 ^"1 ^"5 
O 6 S $■£ 3-y + ^13^14^9 ^lO 1111 #15^12^11^8 H~"#2 #1 ^6 ^5 

and many of a similar form. 

57. If there be four pairs of arguments x l9 y l9 x 2 , y 2 , x 3 , y 3 , x^ y 4 , such that 

x 1 +x 2 +x 3 -\-x 4 ,= 0=y l +y 2 +y 3 +y^ 

then with the notation of the first section we have 

2L± 't"X 1 = A 2 + ^2 = A 3 -|- x§ = A 4 4" ^4= 

and the product theorem (23) will give results similar to (205), (206), (207). As 
examples, if we put 

IL=&(x l9 y^b(x» y a )% 3 , y 3 )%4> 2/4) 

the equations corresponding to (205) will be 



and so on ; and if 



n +n 5 +n 14 =n 1 +n 6 +n ia 
n +n 10 +n 13 =n 3 +n 9 +n 13 

ll s =$- r [X 1 , yi)*J-r\W%9 y%)&s\W& l/ l d)^'s\ X 4i> 2/4/ 



the first equations of the sets corresponding to (206), (207) will be respectively 



4 
1 



n 6 °+n 7 * +iy +n 4 * =n s +n^ +n 3 6 +n 
^2 +n 6 +n 4 +n =n 8 +n 12 +n 14 +n 10 
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58. Again, if 

a -f b +c -\-cl = 

a' + b' + c' + d'=Q 
and in the general theorem we put 

x^u-^a x 2 ~u-\-b x 3 =u-\-c x^—u-^-d 
!h = v+a y^=v + b' y s =v-{-c y 4 =v + df 

then X 1 =t^— a, Y 1 = / y— a 7 , and so for the others : and it is not difficult to prove 
that 

-\-&q(u— a)^-^— b)\{u— c)S- 3 (u— d)+3- 2 (u—a)3- 3 (u—b)3- (a—G)3- 1 (u--d) 
= 3- n (ii+a)3- 2 (u-\-b)3- 1 (ii-{-c)3- (u-{-d) + 5- 1 (^+ a)^ (w+&)5- 3 (w+c)5- 2 ('U+^) 

+ 5- 3 (w— a)^ 2 (w — S)^^— c)^ (^"" ^)+^i(^~^)^o(^~^)^3(^~ c )^2( w +^) 

5-(^+a), . . . denoting 5-(t£+<x 3 ^-f- a), . . . ? with other relations of the same kind 
between the theta-functions. 



Section IV. 

The " r" tuple theta-functions, 
59. The general "r" tuple theta-functions is defined by the equation 

®lfo' ^ • ' - ' M ^, a a , . . . , x\ =tt . . . (-1)^ + • • • + ^i( mi+ «) W wia+ ^" • • • p,( m,+ ?) 3 

in which X 1? X 2 , . . . , X r , v l9 v %9 . . . , v r are given integers (afterwards taken to be either 
zero or unity) and ( li 3 ' ' ' ' ' M is called the characteristic; x l9 x%, . . . 9 x r are the 

variables ; p l9 p%, . . . , jp r , pi,2> . . . , p,^, . . . , v l9 v 2 , . . . , v r are ~ir~~ constants and 

are called the parameters ; a,nd the " r " tuple summation extends to all positive and 
negative integral values from —-co to +00 (including zero) of 7n l9 m 2 , . . . 9 m r . To 
ensure the convergence of the series it is necessary that the real part of 

(2m 1 +^ 1 ) 2 logp 1 + . . . +2(2w 1 +v x )(2w a +^) logjp LS + . . . 
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r.r+1 



should be negative for all real values of the m's ; beyond this restriction the 
quantities p are of any form or value whatever. 
60. From the definition it at once follows that 



3> 



/v-i • /vg « . • . t l\jg I «J j . . . j A/^« 



__ /f. J 1> 2> • • • > As> • • • > ^" 
I ^1> ^2> • • • > ^> • • • > *V 

/ I \X S ^ I ^1? ^2> * ' * > ^« * * * > ^ 

L ^1? ^2> ' * ' > ^ s ' > ' * * ' ^ r 



. (221) 



the variables being the same throughout. Hence it is obvious that the number of 
distinct functions is 2^'=4 r . Also 



<E> 



/v-| j A'Q) • ♦ • j A'?' 



^1? ^2> • • • ) v i 






1 *JU\ 



_ (_ i)v,+ • • • +a,,^ { N x *> • • • > M a. 

IW "2» • • • » *V 



Ju 



z> 



, cc^ 



. (222) 



a formula which enables us to distinguish between even and uneven functions. For 
each of the expressions, as \ s v s , zero value may arise in three ways, viz. : \*=0, z^=0 ; 
\ s =l, ^=0 ; X*=0, *v=l ; and a value unity arises in one way, X*=l, v s =l ; and an 
uneven function will occur when the number of units in the index is odd. Thus if 
P, Q denote the numbers of even and uneven functions respectively 



-r-% ~ . r.r — 1 , r.r — l.r— 2.r— 3^, , 
P=3 r +— 7~^-3 r ~ 2 + T777T, 3 r *+ . . 



1.2 



X.iU.O.TC 



and therefore 



so that 



r.r—l.r— 2 



Q=r.3»-i+ ' ' - 3'- 8 + • • • 



P+Q=(3 + l)' = 2 2 ' 
P— Q=(3 — l) f =2 r 



)—i 



P=2 2 '- 1 +2 



Qz=2*- l — 2r\ 



MDCCCLXXXIT. 
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Periodicity. 



61. Putting 



^7r 



Vx= e 2K ° . 



* # B « 



. (223) 



where s has in turn every value from 1 to r 9 in the definition of <1> there follow at 
once the r distinct sets of actual periods for <3> : — - 



*K>-\ 


x 3 


a? 3 


i I 
i j 

\ \ 

i : 


x s 


tAJip 


4K X 

















4K, 





j • 














4K 3 














i ; 
; • 

• * 

• j 
1 ; 
; ; 
! ; 




1 


••*••• •••*••••• ■■••■•■••* 


i t I 

% ' • 
1 r * 

* • ' 
1 . • 

* ! I 
I > » 

* ! I 
i * * 

> ' * 

i ! • 

i ! ; 

* t * 
i . ; 

» ; * 
i * : 
i i i 

' I • 


i i i 
! : i 
: : j 

: i 











1 | 


4K, 














j I 





4K,. 



and 



* 



/v-J y '*'2^ * • • } *<S} ' ' ' ) T 



J^l> V%> ' • • > Vs> 



. . , v. r 



*aj-\ . t ^2? • • • ) v^S I ^" £} • • * 5 **- / / 



— \ / 1 \ „ „ „ ,. ri> ^z* • • • 9 ^ • • • ^ 

*±M i l3? 1? ^ • • • > x s -\-2ij\. s , . . . , x r 

V\> v %> • • • ; V Si • • • ; *V/ 



=(— 1)"**- 



A/-T ^ "^9.) ' ' ' ) *Vsj • • • ) ^T 

- X^l > ^2 > ' ' ' > ^s > ' ' ' > Vf 



/ 1> 2j) * ' ' 9 ^S) ♦ ♦ • j *^T 



> . 



(224). 



By a method similar to that before used can be obtained the following set of quasi- 
periods :~ — 
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%i 


^2 




x s 


JUp 


4K a 






4K n 


4K ri 
« lo SiV 


4K X 


4K 2l 

• lo gP2 


1 


4K n 


4K ri 


*•••»*•*•*•*•*•*••••***••*»»»*••••••*•*••• 


••*****••*•••*** >•••■■•■••••■•■• »*»****•• 




•• i 


^logp,,, 


4K SM 




• lo g P* 


4K 


4K,. 


4K 2T 




4K n 


4K r , 
. logjp, 



and 



^ik l"'l> 2> • • • ? A# OT • • • > A,,.\ , -K-i i , -^2 i 



~\ 



K K 

■I ?logp„ . . . , X r +~logp rt , 



I7r# s 



=p~*e~ 2K S $ < 



1 J 2> * * * ? A»$ ^ • * * > A^\ 



- \^l> V%> • • • ? ^"T 1» . • • j &V/ 



lO^ /y» /7» /7» 

J«A/"i« ^-'O) • • • * *^- / Si • • • 3 *~'/ 



/Aii, Ao) • • • > A.*> . . . , Ay\ JJvi 1 ^-"-2 i 

*1 Fi + — . log ^n „ <&>+-—. log £> 2 w . . . . x 6 



2K^ 1 2K r 1 



iTrar* 



=i>r 1 e"" K '(—i) A ^^ 



Aii j A/flj • • • j A^j • ♦ • j /v^ 



L \ *i> H> 



j Vs> • ♦ • j V? 



I/y* rv* rv* /y* 

tXJ-l ) ^9.} * * • 5 t/t/ f 5 • • * 3 * > ^ / ? 



(225). 



y 



Product theorem. 



62, We multiply four functions <E> <£' * /7 3> /x/ (in which the variables are x l9 . . . , 

x\ 9 ... 3 x'\, ... j ir^j . . . , and the characteristics are ( v ' % }, ( }' ' ' ), ( ,}' ), 

\ v p • • • / V i> • • • / V \> --• J 

' ' j respectively, the sums of the four corresponding numbers being all even) ; 



r\ftr 

and f „/' 



i> • • • 



and we find that the product is the sum of 4 r products. Denote such a product by 

5 Q 2 
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Il®\h'^' " " • ' ^)x lt x Z) . . . , x r j (226) 

Let 

M i +2m ( =Wt+2m t =M" +2m" =M'" +2m'" =m,' t +m' i +m" i -{-m" i 
2{lL t +x)=2{X' t J r x\) = 2(Xt+x'%) = 2(X:'' t +x''^=x t +x\+x'' i +x'' t 
2(A t ^-X t ) =2(A' t +\' t ) =2(A" t +\" t ) = 2(A'" i +X'" t ) =X i +X' i +X" i +X / " t =2'L l 
2(N,+v,) = 2(N',+^) = 2(W' ( +A) =2(W" t +v"' t ) = Vt +v' t +v" t +v'" t 

in which for t are to be substituted, in succession, the values 1, 2, 3, . . . , r. Then 

^+»%+mX+ffl'7'''F|(MA+MX+MX+MX) 

(2«%+^) 3 +(2m',+^) 3 + (2m" < +"7+ (2m" / < +^" , < ) 

=(M,+N,) 2 +(M , ,+N',) 3 +(M",+N",) 3 +(M'",+N / ",) 

(2ot,+^)(2ot.+i'.)+ • • • +(2m'" t +v'" t ){2m"\+v"\) 

= (M e +N,)(M s +N s )+ . . . +(M / " i +N'",)(M , " s +N'" s ) 
(m t +v t )x t + . . . +(2m"' t +v">"' ( =(M t +N ( )X e + , . . +(M" , ( +N"' t )X'" ( . 

These, substituted in <E>4> / <E> // 4> /// , give 



1 - * M*A< + M't A't + M"*A"« + W'W't 



$<|/<l/'#'"=:22 . . . (— 1>-1 2 jp 1 i{(Mi+N 1 )«+ . . . + <M'" 1 +N'" 1 )»} . . . 

p r i{(M».+N,) 3 + . . . +(W"r+W / r) 2 } p ^{(M 1 +N 1 )(M 2 +N a )+ . . . +(M'' / 1 +W" 1 )(M'"< l +W" 2 )} 
p |{(M s +N s )(M,+N,-)+ . . . + (M" / s +N /// s )(M /// , + N /// ,)} y (M 1 +N 1 )X 1 + . . . + (M / " 1 +N /// 1 )X" / 1 

,. (M, + N,.)X,+ . . . + <M" / , + N"'r)X'"r /997\ 

the summation being taken for all values of the Ms defined by the preceding equations. 
Now the difference between any two of the M's with the same suffix is even, so that 
all the M's with the same suffix are either even or uneven. In the former case let 

M f =2ju, i M / < ==2//j M!' t =2[jif' t W" t =2(jL'" t 

and it will be found that if the equations are satisfied 

pt + n't + p% + p'% = e ven < 
In the latter case, let 

M«= 2^+1 M'«= 2[L' t + 1 M",= 2/;+ 1 M'" = 2/*'" + 1 
and then it will be necessary that 

f**+ /*'*+ ^" + //"*= uneven. 
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Separate now tlie general term in (227) into parts corresponding to the particular 
cases of the values of the M's (i.e., whether they are even or uneven), and denote them 
as follows : — 

2 when all the M's are even, and general term P : 

% when all the M's except the M/s are even, and general term V t : 

S Sji when all the M's except the M s , M* are even, and general term P M : 

and so on ; also let 

S S«= sum of all the terms which have one set of M's uneven and all the rest even, 
t=i 

s=r t=r 

S S S^=sum of all the terms which have two sets of M ? s uneven and all the rest 

s=l*=l 

even, 

and so on ; making the number of distinct terms on the right-hand side 

1 in which no sets of M are uneven 

+r i n which one set is uneven 

+ . idl which two sets are uneven 

T 7* — ~ 1 1* •— 2 

+ - — ^ in which three sets are uneven 

1 3! 

"**'!*"" • • a 

+ 1 in which all the sets are uneven 

viz. : =2 r in all ; and then 

*4/«/'*'''==2^ (228). 

t-i «=i«=i 

In this 

_ / ^ n 'i\^At+iiW t +^"tA."t+n'"tA.' t, t) i{(2 /Al +N 1 )2+. . . + (2 / x /// 1 +N // ' 1 )2} |{(2^ + N r )+. .'. + (2j*'" r +N'"r)*} 

^0=(- 1 ) t - 1 Pi \..pr l 

|{(2 / x 1 +N 1 )(2 / x 3 +N 3 )+. . . + <V^+N'^)<VVN /// a>} 
, (2 j x 1 +N 1 )X 1 +. . . + (2 / tx /// 1 +N /// 1 )X /// 1 n . (2 Mr +N,-)X,.+. . . + (2/t /// r +N // ' r )X /// f . 

t/1 • . • Uf 

t-—V 

^l{(2 / x,+ l+N,)2+... + (2 / x // s +l+N /// s )3} i|( 2/x ,+N,) 2 +... + (2/x /// r+N w r )2}^ 

zn 4{(2jx 1 +N 1 >(2 f A.+ l + N«)+ . . . + (2 / x /// 1 +N // 1 )(2 / x /// t +l + N /// < )} /n *{(2/x a +l + N,)(2jjiH-l + N.) + . . > + (2ix //l s+X + W" s )(2 f x.'»t+l + W"t)\ 
„, (2 i * 1 +N 1 )X 1 +. . . + (2 f x' l ' 1 +W f l )X>" 1 .,(2/x,+ l + N.)X,.+ . . . + (2/«/",+ l + N'".)X'". 

^ (2/x t +l+Nt)X,+. . . + (2/k'".+ 1+N'"<)X'"^ ^ (2 j a,+Nr)X,.+ . . . + (2/j</", + N" r )X'", 

and similarly for the others. Taking the terms in (228) separately we have 
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t~r 



tz=rs — r 



2%P =S P + S 2 (- 1 ) 2 *P + S S2 ( - i)*-+**P 

«=1 



t=ls=) 

t=rs=ru~r 







+ S S SS (-l)^ + ^ + ^P +, 



t-ls-\u=l 



. . (229) 



in which 



2/Xtf — fir\'l*' t~\~fi t"{"[^ t 



and the summation on the right-hand side is taken for all values of the ju/s, without 
restriction, from — oo to + °° \ the factor 2 r is prefixed to the left-hand side because 
there would remain 2 r terms of the initial value of S P were the right-hand side 
written out at full length. Now 



P = general term in II<I> 



(-l)^P : 



?? 



3? 



n<i> 






XMW.OW *,»•« __,„,, 

I « AjLQi * » « <i wi-JL.^ • # » a »X Jfc-i,4 



«X JL"i """J " -L * JLxf)j • • • '* xjL^» » • • «j xV.^ 

N" 1ST. N" TsT 



"1 j _i_A-f)j » ■» » * .XJ^g* ♦ * * J «t*-^ 



and therefore 



2%P =n<i>< 



'A A A A s 



t \iN|; iN cjj • « • j- AN $$ « « 



X"Y 
1 j OJL£ 



w ;-i' — * 



s=r 






- \-^ x> -aN 3? » * ' ? -*M ^ 






» • 






J.X~1 j .!*.£)• i o 9 ^ X \.g |~ -L * ^-*-t I -^- j 1 « « « JlA.j«\ 



a=y t=r u—r s tx ^ xjl 

*=1 £~1 w~l l\ iN l' INgj . « . , 1N 5 

*T e a 9 d « » « « « » 3 



\ JL 1 "I * Jl\ Q 9 • 8 » 9 -i- T ^ 



, l\.a, * 



Xi 






N / 

4 4 6 * -«L 1 .J* / 



-**?«p-* *^~ 



U -* v 2> 



» 4 « 



.A.*. 






N, 



N 



(230) 



where in that expression on the right-hand side which has k of the upper row of 



numbers in its characteristic of the form A,+ l there will be 



n 



independent terms 5 



and these of course are the only* ones to be included in the " k" tuple summation. 
Thus 2 r S P is equal to the sum of 2 r products of four functions, to each product being 
prefixed a positive sign. 
Again 

2^P,=£P,-£(-l)^ 



s=l 



5=1 



+ S SSt-l^+^P, 



* * i 



a=l u=l 



1 Zdl 
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where in the third and fourth terms s is not to take the value t ; in the fifth term 
neither s nor u may take the value t, and so on ; and all restrictions on the values of 
the /x's have been removed. In the expression the number of negative terms will be 

l+r—l+ r ~Y 2 ~ 2 ~+ • • • +r— l + l = 2 r - 1 ; 
i.e., half the terms will be affected with a negative sign. Now 



P,=general term in U<i>\ (^ £ ; ; ; | £ +i ; ; ' " ; ^X,, X 3 , . . . , X,} 



( _ 1)2 „p_ 



J? 



?J 



r/A 1? A g , . . , , AjtI) . . . j Af , . . . , A r \y .y 
il *l \N V N v ^ . • . , N s , . . . , N ( + 1, . . . , N r/ / ^ ^ 3 ' 



• • j XVj 



and so for the others : thus 



^•= n *{(££::::£ + i:::::£>> x »---' x ' 



s—r 



+ t±Ilcf> 



xVlj x^-Qj • • • j -tVy "T" -*-} • • • ^ ■**-£ ? * # * 5 ^^* 



s=l 



-^"h-^'2'' ,, ?<s > * * * * ^ ' -M • * * > 



|_Z\>-ij -A.03 * • * ; ■A.j* 



+ 2 £±n<& 

8=1 ?4=1 



& 



«m|w 



A-p Ag, . . . , A^T - 1) • . • 5 A^ , ... , A M +1, . . . 5 A r \ 

JN 05 • . • 5 JN$ , . . . , IN ^ "T* I., . . . . iN w j ... j IM j./ 



A-Ij -^2' 



xl 

• • • . /V .y ^ 



(232) 



an equal number (2'~ 1 ) of terms being affected with a positive and with a negative 
sign ; the rule by which it is applied will shortly be pointed out. Similarly 



2% >t P Sit =IL® 



A-^ Ag, . . . j A. s , A^ , . . . , A r \^ -y -y 

[iNp N 2 , . . . , N, + l, ff< + 1, . . . , N, J ^' As ' * ' ' ' A '' 



*=r 



4-*4-n<^( Al ' A3 ''"' Ak+1 ' """ Ai '••" A< '••" A ^X l5 X 9 , . . . , X, 



K=l 






An, A05 ... 5 A K ~r JLj . . . j A^-j- J-> • • • 5 A$ 5 • • • 5 Atf ? ... ? iV^ 

v N p N 8 , . . . , N K , . . . , Nj , . . . , N* + 1, . . . , N"* + 1, . . . , NV, 



1 ^ -A-o j • • » j jL\~f 



I » . ♦ 



(233) 



half the terms, as in (232), being affected with a negative sign, 
Proceeding in this manner, (228) gives 



2 r <I*S>'<I>"<I> /// = sum of 4 r products of four functions <J> . . . (234), 
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63. Each of these products is affected with a positive or negative sign, determined 
by the following rule (Rule I.); and it has this sign modified by being multiplied, 
according to another rule (Rule II.), by a definite power of negative unity. Taking 
the first term, viz. : — 



TTcbJ ( v 3 ' * * * ' \"Y "Y Y I 

1 vN" "NT N* / l' %' • • • > -^-r r 



the characteristics for the remaining 4 r — 1 similar products may be written down as 
follows : for the upper rows take all possible combinations of 

by selecting one from each bracketed pair; and similarly, for the lower rows, from 



^, r*r» jar* 



N s , |N ( , 

_LN § ~-j~ JL , * * « , I .LN p "j * JLi 



Defining that number in the lower row of the characteristic as "corresponding" 
with another in the upper row (and vice versa) when the two have the same suffix, 
the following are the rules above referred to : — 

Rule I. If, in the typical characteristic of any product, there be an odd number of 
pairs of corresponding numbers such that each member of a pair differs by unity from 
the member holding the same position in the first term, viz. : in 



IT eft J / 1> 3 ' ' ' * ' My "v "Y 

1 v "NT "NT "NT / 1' %> * * * > r 

\ y l* 2? * * * > x r / 



S 



then to that product is prefixed a negative sign ; but if there be an even number of 
such pairs, a positive sign must be prefixed, 

(As in the algebraical expression of the theorem the numbers will be of the form 
N s +1, N,+ l and not of the form N,— 1 = N,+ 1 — 2, N,— 1=N,+1 — 2, which might 
by formula (220) cause a difference of sign, the above rule is perfectly determinate). 

Rule II. To find the index of (—I) 1 in order to prefix the proper power of ( — 1) to 
a product, there must be taken the sum of the numbers in the upper rows of the 
characteristics of the four functions in the first term, viz. : in 



K, N~ . . . , eJ l ' 2 ' ' " " ' ' 



I \ l\l 

1> X1, 2> 



>> 



corresponding to those in the lower row which hold the same position as the numbers, 
differing from them by unity, in the lower row of the typical characteristic of the 
product. 



PARTICULARLY THOSE OF TWO VARIABLES. 855 

(Since it has been assumed that 

A* + A\ + A" t + A"' t = even 

for all values of t which occur, no imaginary quantities are introduced). 
Thus, as a term on the right-hand side, there will be 



|[2 Ai + 2 Am + 2A fl + tA P ] 



-(-l) 

...J J /A l5 A 3 , A 3 -f 1, . . . , A K + 1, A^ + lj A m + 1, A»+l, A^ , A rp . . , , AA^ «. "Y 1 

^H^, N 3? N 3 , . . . , N, , N,+ l, N. + l, N. + l, Np + 1, N p . . . , N,/* 1 ' ** * * ' ' f J 

where 

2A / =A i +A / / +A // / +A // V 

The coefficient of \ in the index of — 1 is SAj+SA^+jjA^+SAp, by Eule IL, since 
the numbers N/+1, N w +1, N*+l, N p +1 are all that differ by unity from those in 
the first term, and the sum of the numbers which correspond to Nj, . . . , JS m . . . , 
N«, . . , , Njp, . . . , in the four functions in that term is SA/+2A»+SA w +SApj and a 
— sign is prefixed, by Rule I., because there is an odd number of pairs of corresponding 

■xr , 1 at , 1 Ut , 1 ea ™ member o.t which diners by unity from the 
members of the similarly situated pairs in the first term. So another term will be 



numbers— 



/ 2^{ :SAi+SAift+ ^ A » +:SA '/}n<£>lf A 3 + l, . . . , A^-f 1, A;+l ; 






X"Y" "V L • 



and the sign and coefficient of any term may be written down from an inspection of 
its characteristic. 

64. As it has been proved that every number in the characteristic is either zero or 
unity, and the assumption has been made that the sum of any four similarly situated 
numbers in the characteristics of the four functions is even, the general product 
theorem comprises (4') 3 , i.e., 2 6f , particular cases, the variables being still left perfectly 
general. 

65. In a manner similar to that adopted in Section I. the following formulae are 
obtainable :— 
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t — T 



n$( x 1? x 3? ... ? x r]+gn$//n? ^ 



v v v v 



, v, 



t=i 



1 9 2' ' * * 9 ^ •* -*-?•'* 5 **''>' 

s • * * "r , 



"^ 



V Y> v & • • • 1 v t 



? "r 



s=r t=r 



+ S S n$( ' n ' 2 



Aqj Xn? . . • } A^-j" lj • • • J A^ + J-? * • • > A;;. 



• ft ft 



Vt 



> Vr. 



— 1_ t t ^ 



. . -f"* 



*a ^aVr/r /^l + 1> X 3 + 1, X 3 -f- 1? . • • ? X w . . • ? ?W> • » • A + l\ 

3 =1 $=1 y^i j ^2 5 ^3 > • • • 5 ^9 • • • > ^> • • • > Vv ) 



s=l t= 



, q /Xjl+I, X 3 + l, . . . , \ s , . . . , X,,.+ l\ /X x + 1, X 3 -f-l, . . . , X,.+ l 



5=1 



*>l 



9 H 



J ^5 



ft * 8 



v r 



\ v l 



9 ^2 



. 9 *V 



same expression with A written for X] 

1 f throughout 

N „ v\ 



the variables on the left-hand side being 



(235) 



iy /y /y» /y» /y» /y /y /y 

15 2? • » • w^j t/C "1 j «A/ o j • • • xfiJ f) xfiJ 1} w> O) 

and the variables on the right-hand side being 



ry ryt /y ry* 

• • • tAs fy tAJ "1 j *AJ Qj . » . tV p« 



jCaMF" y ^cf- »y * ■ to ' ■»■ * 



•\r/ y// -\r// 



.xVi * .xV-o* • • . <t JS.r* -A- 1 3 -A- 9^ . o » j -A- ^j -/x 2> -^- O.j • • 



■1» ^2? 



-r> 



X// XT/// 'XT/// 



* « * 



■XT/// 



r » 



n* 



Again 

^1' 2' • • • ? A/^? 



^9 ^ 



? V r/ 



• • • « "^j • • * 

^D ^2' * 



X,-\ _-rj^ (\> ^2? • • • 9 ^+ 1> 



+ S n<&' ' n ' ,v * 



5 = 1 

s=r /A X 



^19 *^ 



^9 ^29 



j A3 "t r 5 ... 5 a./. 

, X 5 + l, . . . ? A^ + l, 
1 v s 5 . . . 9 z^ ? 



9 *V 



">k 



j z^ f 






S = 9' ^ = r 



+ s Sn$ 



Ajj A^5 ... 5 A.y-r lj . . . ? A M ~r x ? . . . , A r 



• • « 



Vc 



9 ^w 



■ S Sn$ 

s =l u=l \ v i » ^2 



^19 ^2' * * * 9 

/A^H""!, Ag T" -Lj . . . -j A,y ? . . . 



? A70 



? » • » j *^55 



9 ^?«9 



s^r 



+ sn$i 



At -j- I5 WT ■*->••• 9 A^j . • • 5 A- 



fc * 



. • * J p'^' 

• . • • /v^' I X 

. • . * 1^^* 

. 5 \. + 1 



i> 



s=l 



^1 



9 ^2 



9 *>« 



^ 



5 ^^ 



, v r 



-Sn$i 



X| -4" 1 ? Arj -f~ J. ? • • . j A 6 . 9 ... 5 A f ~r -1 



s=l 



Vi 



Vo 



9 ^2 



fi « 



? ^5 



+n^>( 



\, + 1, \o-f 1? . • • ? x 



^1 



? /v 2 
9 ^2 



^ 



^^9 



X r +1' 



n$( 



X x + 1, X 3 + 1. * . . 5 X,. + 1 \ 



, I/} 



Vi 



>»i 



j « * a j iA^« 



(236) 



rz: (_])H A<+ ^ + ^ + ^' /< }[same expression with A written for X and N for v 

throughout except for v h for which write N^+ 1 ; 
the variables being as in (235)] 

This equation (236) is equivalent to r equations by substituting in succession 
t=l, 2, 3, , . . , r ; and a summation indicated by S implies that s is to have every 

8=1 

integer value 1, 2, 3, . . . , r 3 except t. Again 
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. A,p A,.-,, « . . , A, r \ / A,p Xg, . . . , A/,,4- 1, . . . ? A/^ • • • ? A/ f 



*^i 



\^1> ^2> • • * > V r/ 



( 



"l> ^2 



9 > 



V s 



• • • • j V fo « • • ^ v f . 



\^1> ^2? ♦ • • J ^5J • • • > ^ ? . , . « Z/ f 

j Q TT/r/ 1' 2' • • • ) ^ITl) . . . , A^, A//, . . . > A 

j=i \z> l7 ^ . . . , Vi j ... j ^, ^j . 






+n<i>i 



A/j, A/g, . . . , A/.S + 1, Atf-r 1, . . . ^ A,. 



?V ^ 



• • • ? ^ 



** 



, l/ r 



Z=9 4 



s n*' ' n ' 3 ' 



1> 2? ... J A*£ | -L, . . . ) /Vyj . . , ; Aj£ ~]~ .Lj . . . ; A*,f 



1=1 



.^1> ^2» • • * > ^ 



? * • • ? ^5> 



*>* 



4 » • ♦ • Z' * 



Q tt/Fv/ 1 ? 2' " • ' ^t-1) . . . ) A/ i 9~r.Lj ... ^ A^, . . . ? A r 



1=1 



v l> ^2' * ' * 



*>* 



. . , 5 Z/5 



♦ ? *^j .... V,y 



• * • 



l=rm~r /\ \ *\ , _4_ 1 "X 4- 1 "X "X* "X x 

L_ Q Q TTrfS/ 1' 2' ' * " ' * " * ' m * ' * ' * ' •" •«. j /v^y . . . , /v r 

Z=l m=l \^1' ^2> * * ' ' ^ » • « * > ^/« ? • • • > ^ • • • ? Vfo • ' • 9 ^V 

L ^ Q TTrfS/ * ' 2 ' > ' * * > ^ ♦ • • > X /M , * • » ? X 5 *T J-j • • • 9 X^ + 1> . . . , X ; > -f" 1 

2=1 m=l \^i j V% > * * ' ? ^> ' * * ' ^ w ' • $ • r Vs 9 • * ' 9 Vt 9 • • • ? ^V 

a f rr^/^l ■+ 1, \n + l, . . . 5 Xj, . . . , X w \j+l, . . . > X f + 1 

— b n<& 



2_. r 



z> 



1 



^o 



Vi, , • . , v s> v t 



9 V r 



^ /X 1 + l, X 3 -f 1, . . . , X?, . . . , X.y+1? . . . 5 Xfc . . . , X r +1 



1=1 



Vi 



9 v* 



9 • 



, ^> 



, ^ 



^^ 



5 "t9 * 



? ^r 



+n* 



/ 1 ' ? " 1" J- ? • • • 9 'V?? • • • 9 A//5 • • • ? A. ? . "T" J- 



N^i 



? ^2 



? Vsi 



V fa • • • • *' ^» 



n /X x + 1, X 3 + 1, . . .• , \i, . . . , X^ +• 1, . . . , X^ + 1, . . . , X r + 1 



l=r 

S 

1=1 



V, 



Vo 



9 Vh 



• ■ • 



j V s 



Vt 



. . , V r 



Yl<S>\ 



n$i 



A/1 "T" J- 9 A*f> 1 J- 5 • • ♦ 9 *V?> • • * 9 f^t ~t~ -*->•••> ^* 1 J- 



(237) 



z> 



^ 



1 ? "3 ' 



^5? * * * 9 Vf, 



9 v, 



X-i "T i- ? X^ "T X ... * , X,y -f- J. , . * * , A/j . . . , A> r "T" J- 



^1 ? V% 9 . • • 5 Z^y 



^ 



, I/ r 



X^ -f" 1, X^ ~j~ I5 • • • ? X^ -r 1 ? • • • , a/t1, . . . , X, ; . -f- 1 

Vet 9 • • • 9 Vg ^ % * * y Vt , . . . ? Z';. 



V^l • ^2 

1 ji(x«+V(+A"«+x'"*+A.+A'.+v',+x w .) |^ game expression with A written for \ and N 

for v throughout, except for v s , v t for 
which write respectively N,+ l, N^+l ; 
the variables being as in (235)] 

in which s, t are to have in succession the values 1, 2, 3, . . . , r, (but never the same 

value together) ; and S implies summation for every value of I in 1 , 2, 3, . . . , r, 

except l=s P and l=t. Thus the equation comprises -^r(r— 1) cases. 
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66. From an inspection of these equations, it is seen that the lower row in the 
characteristic of each term is the same throughout the same side of the same equation ; 
and this holds throughout the system of 2 r equations of which the above are examples. 
To write down the equation in which k of the numbers in the lower row on the right- 
hand side differ by unity from N l3 N 2 , . . . , N r , (and which is therefore an equation 

comprising — f — : — j cases), take that group of 2 f terms in the general product theorem 

having this lower row for the common lower row of the characteristic and multiply the 
group by 

where %A t has already been defined and S implies that summation is to be taken for 
those k values of t which have their numbers in the lower row of the characteristic of 
the form N^+ 1 ; this is the right-hand side of the equation. To obtain the left-hand 

side the coefficient (— - iy %%At is dropped, as well as all the units in the numbers 
N^+l, . „ . ; and \, v y x are substituted for A, N, X respectively. Thus to a term of 
the form 



(-1)«* 



il + SAm + SAn + SA, 



Ap Ao 9 Ag-f-1. . . . , A K -j~I, ... 9 A^-f-l, . . . > 

v l\ p IN o? -IN 3 j ... j -IN K 9 . . . 9 JN i -J- I9 . . . , 
•Aw r J- 9 ... 9 l\. n j ... 9 J\p -r J- j ... j -Li-q ? ... 9 I V ; . \ V" "V" "XT 

"NT 4- 1 Mil \r N 4- 1 TsT ' l ' 2 ' ' ' ' ? 



on the right-hand side, there will on the left-hand side be a term of the form 



n^> 



V> 2' 3 ""*" ? * • * ' ^« ~r J-j • ■ • ) ^1 -*-? • • • j A'?/* "T ^? • • • ? Aw . . . 9 A^ -j 1, ... 9 A^j . . . 9 A ; , 

^1? ^gs ^3 J • • • ) V K ) . , . y P(, 9 ... 9 Z^^ 9 . . . , Z^ WJ ... 5 Z/p 9 ... 9 V q, ... 9 2/j. 

X 1} X,,..., Xr 

6 7. By increasing each variable x (and therefore also X, from its definition) by the 
quarter quasi-period in any set of conjugate quasi-periods, and taking all combinations 
of these (amounting in number to 2 r ), each equation of the above system of 2 r equations 
gives rise to 2 r further equations. The reason of this is that each function is periodic 
with the exception of a factor 

and therefore a product on the left-hand side is periodic with the exception of a factor 
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while the corresponding factor on the right-hand side is 



VJT 



^ _i _.-^-(X,+X , .+X",+ X'''») 



and these are equal in virtue of the relation 



x s -\- x 8 -j- x s -\- x s — A s -f- A. s -\- A. s -\- A. s . 



K K s 

As an example, by the substitutions x,4- ^log p, for x u , . . , ^ S +"~^W p s for 

in m 



x s , . . . , (235) gives 



n<i>[ " r "^ • • • 7 •-* / • • * ' " r )jL s n$f Xl ' ^ 2 ' ' ' ' ' Xs ' ' ' ' ' X/+1 ' 



/V-i i *~2? • • • j *Vs 9 • • « j /vy 

v^l» V W * * • ' ^s "f" I? • • • j *V 



S 



i=r w=r 



5 \' 






V Y> v °, . . . <> v s -\r\, . . . , v t 

? • • • j f^t i J-j • • • » A/ M ~r J-? • 



> V« 



*_r«-r A _f 1 ? \ -f-1, . . . , X,+ l, \ h \ l9 . . . , \+l 



+ S Sn$| 



f=i w =i 



Z^i 



> ^2 



? • • • 5 ^6> i J-j ^> ^m • • • ) Vr 



1 
i=r /a _j_ ^ X 9 + lj . . . , \ s ~\- 1, . . . , Xfr . . . ? X r + 1 



.+ S IM>| 



t=i 



v. 



Vo. 



9 ...jZ^,9"t"Xj . • • , Vfo . • . , Z^ 



+n$i 



Xj + 1, \g + 1, . . . , X 5 + 1? • • • j X f + 1 



> ^2 



• • • • /vy> 

. . . J ZA ; 



l/ r 






"^ 



J • • • 5 V$ i J- j • • • J vy 

= same expression with A, N, X written throughout for X, v, x respectively j 



(238). 



The same remark with regard to (238) may be made here as at the end of § 8. 
68. We obviously have from the definition 



& 






1? ^2> * * * ' r 
V\> V%* • • • J *Vy 

Wi = — 00 



^2> ^R> • • • ? X* 



_\^2' ^3' • • * ? ^ 



)X %, X £ 9 . , , y X j 



(239) 



where <3> n ^_ 2 are functions of the orders r, r— 1 respectively, and 



dU q *AJa 



2m 1 + v 1 . 



"^ 



y 



VTT 



lo gPu—^F lo SP\, 



2K, 



(240). 



Putting all the numbers in the characteristic of Q> r zero, we have 
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0,r 



— t p x e K > <E> (x 2 +m 1 log p\ it 0! 3 + wii log#' liS , . . . , a?,+m l log^,,) 

5%=— oo 0,r—l 



7T^i 



* (a^ fl5s, . . . , a,.)+.Pi cos ~ l * (;r 2 + log|/ ]}25 ... )+ * (% 

0,r~l -^1 LO^'-l " 0,r-l 



77701 



+*>i sin -^ * (aj 2 + logp' li2 , ... )-#(.% 



lo g#'l,2> • • • ) 



K l 



+ ^P] sin ~z=~~ 

I M BII | l t . I 

J 0*0 



<5 (aVf2 log^a, ...)+* (^-2 log p' hZ , . . .) 

_0,r-l 0,«—l 

<1> (a; a +2 Iogp' li2 , ...)-* (« 2 -2 logjp' liS , . . .) 

_0,r-~l 0,r— 1 



Expanding and arranging, this gives 



*(#!, a? 2? . . . , x r )= <E> (as 3 , flj 3 , . . . , a? r ) 1 + 2^ cos-^r 1 +2p] 4 cos~ 1 ^ I + . . . 



0,r 



O/i'-l 



K 



+ 2i s p T sin "^r + 2p x 



. 1 

t» m 1 r l 

[^ • * * 



Bin —-+3^ sin -^*+ . . .|Uog/ 1 , 2 ^+ logl/ 1)3 ^+. • -) o J, 



, . 2777!?! 

* sin 

K 



K 



3 



Pi COS 7-^+ 2 8 .j> 1 4 COS ~ J + . . 4 log i> , i, 3 T"+ l0gi3 / i 1 8Tr+ ■ • • * 



^ , - .j., , .j ^ &-r li)s , _ &-r ^^ ^ ^ 



: * (3,) 



K l ^0,0 (#1) 



» , »| U I H 



77" dx 1 

1 /KA* d*^) 






2!\7T 



dtt } 2 



77" 

"2K 



°gPl,2^ ■+* ^ 



log Pi 

oil) 



'2 



3 rf, 



'W/i 



3 



0,r-l 



2 



7T 



, cl , 2Ko n d , 

1 °gPL2zr+~^r 1 °gPi J BTr+ . • . 



/7 1"» 



7T 



fc 



* + . . . . (241) 

0,r-l 



6 



i i (logp ljS )K^ 

^ ,9 = 2 



tteicte. 



lu-^-s 



0,r-l 



n — - a* / -— . i-» 

e ^ .=i <=i < teA n# 0}0 (^) 



» . . » 



. . . . (243), 



where the double summation in the index implies that 5, t are to have every value 
1, 2, 3. . . . , r (but never the same value together) ; and 



t=r 



n 00,0V* 5 *)— ^0,0(^1)^0,0(^2) • * • "o,ov*V)« 



i=l 



The theorem for the general function is 



V -1 ^ *^0) * * * j **/* 



SP -s I !^]? *^,2? * * * > ^ r 



s =r t~r flz 



/5 tt 3 s= 1 i = 1 """ * " !i "*' " dxsdxt 



"UO^Jx,) . (244). 



11 = 1 
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69. Since 6(x t ) satisfies the general differential equation 

Ll/oOy/ \ JLV7/ / tl/^V-j/, tl//v 



M \ -*-M(/ ^^{ Ol/fV^ 



and the general term in <J>, so far as concerns x U9 is a numerical multiple of 

d m 0(x u ) 

it follows, exactly as in Section II., that <E> satisfies the r equations of the form 

^_ 2 ,L 7 _|)^ +2 ^ 7 f =0 (245). 

That this is satisfied can be verified by means of the definition of <& ; and the same 
is true of tbe -|r(r— 1) equations of the type 

all satisfied by <&. 

70. Expressions for the constant terms in the even functions and for all coefficients 
in the expansions of all the functions in powers of the x'& may be obtained as before. 
Noticing that 

(p y \ being either zero or unity, but not both unity at the same time) we have 

C^^-'-'^Uf-WnKM^i ...... (247) 



wher 



V -cosh{27|log^^)^ . (248) 



and in the summation s, t are not to have the same value together. This gives the 
constant term in all those 3 r even functions in the characteristics of which no two 
corresponding numbers are unity at the same time. Similarly if we put 
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ttVl 



M' 



2 3 f d? s-vt-v $1 i 



d? 



3! 
sinh 2 



log pi t 



m\ 



WVm, 



-j-sinh 2i log pi t 



m\ 



cP 



l^Pmj 



5=1 t=l 



+ 2 2 log p,, 



cZ 3 



d 3 



W«i, 



8=1 t=l 



2 2 log p h 



clp s d$>t 

d? 
** dp s dp 



tj 



(249) 



where in the summation s, t take all the values 1, 2, 3, . . . , r, except £ and m together, 
then 



CI 



/V-i} /voj •• • , JLj • • » ^ JL 5 » • • y /v,y« 
1 9 29 • • • j li « • • j 1) • • • j ".^ 



2\- •_ ^ r l< ^ 

- Yvi.m^h'ihJc^^KfKjUc^Ct^ . (250) 

7T/ *=1 



in which £ has all values except /, m. This formula gives the constant terms for all 
those 3 r ~* even functions in the characteristics of which \i=\ m ~l = v l =p m but no 
other corresponding numbers are unity at the same time ; and since I, m may be any 
whatever of the suffixes, this formula comprises \r(r— l)3 r ~ 2 constants. 
The above will suffice to indicate how all the constants may be obtained. 



Note. — Since the above memoir was written I have seen a paper by Professor H. J. 
S. Smith (in vol. x. of Lond. Math. Soc. Proa, 1879) in which the results of §§ 6, 62, 
and 63 are given in an equivalent but somewhat different and more concise form. 
[Sept. 29, 1882.] 



